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' In a bi-directional relay channel, a pair of nodes wish to exchange independent messages over a shared 

wireless half-duplex channel with the help of relays. Recent work has mostly considered information 
CO , theoretic Umits of the bi-directional relay channel with two terminal nodes (or end users) and one relay. 

In this work we consider bi-directional relaying with one base station, multiple terminal nodes and one 
relay, all of which operate in half-duplex modes. We assume that each terminal node communicates 
Q I with the base-station in a bi-directional fashion through the relay and do not place any restrictions on 

the channels between the users, relays and base-stations; that is, each node has a direct link with every 
^ . other node. Our contributions are three-fold: 1) the introduction of four new temporal protocols which 

m 



fully exploit the two-way nature of the data and outperform simple routing or multi-hop communication 
schemes by carefully combining network coding, random binning and user cooperation which exploit 
over-heard and own-message side information, 2) derivations of inner and outer bounds on the capacity 
region of the discrete-memoryless multi-pair two-way network, and 3) a numerical evaluation of the 
obtained achievable rate regions and outer bounds in Gaussian noise which illustrate the performance 
of the proposed protocols compared to simpler schemes, to each other, to the outer bounds, which 
highlight the relative gains achieved by network coding, random binning and compress-and-forward-type 
cooperation between terminal nodes. 

Index Terms 

bi-directional communication, achievable rate region, decode and forward, multiple terminals 
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I. Introduction 

A. Goal and motivation 

In this work, we will derive achievable rate regions and outer bounds for a multi-pair bi-directional 
relay network. The most basic bi-directional network consists of a pair of terminal nodes that wish to 
exchange independent messages. In wireless channels or mesh networks, this communication may take 
place with the help of relay nodes which do not wish to transmit any information of their own. The 
most basic bi-directional relay network thus consists of a pair of terminal nodes that wish to exchange 
messages through the relay of a single relay. While the capacity of this channel is still unknown in 
general, as will be outlined in the Related Work sub-section next, it has been of great recent interest due 
to its relevance in wireless networks of the future. 

The single relay, single pair bi-directional relay channel has been extended in a number of ways: 1) 
the consideration of a single bi-directional link using multiple relays, 2) the consideration of multiple 
bi-directional links sharing a single, common relay or, most generally, 3) the consideration of multiple 
bi-directional links which communicate with the help of multiple relays. 

The relay network considered in this paper falls into the second category and consists of a base station 
(node 0) which wishes to communicate simultaneously in a bi-directional fashion with multiple terminal 
nodes (node 1, • • • , node m) with the help of one relay node (node r). Due to limitations of current 
technology, all nodes are assumed to be half-duplex and thus cannot transmit and receive simultaneously. 
This network topology is motivated by recent pushes to extend the coverage of wireless networks. For 
example, in a cellular scenario, a relay station is able to enhance the connectivity between a base station 
and terminals at its cell boundary. The relays may be connected to the base station using a wireless 
link rather than a wired one, resulting in savings to the operators' backhaul costs. Another motivating 
example is satellite communication: satellites can be used to relay signals from one ground station to 
multiple vehicular terminals on or close to the earth's surface. In this work, we determine bounds on the 
capacity regions - which may serve as guides and benchmarks in the eventual design of - such multi-pair 
two-way communication networks aided by a single relay node. 

B. Related work 

Two-way communications were first considered by Shannon himself |[39l . in which he introduced inner 
and outer bounds on the capacity region of the two-way channel where two full-duplex nodes (which 
may transmit and receive simultaneously) wish to exchanges messages. Since full-duplex operation is. 
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with current technology, of Umited practical significance, in this work we assume that the nodes are 
half-duplex, i.e. at each point in time, a node can either transmit or receive symbols, but not both. 

The two-way relay channel or bi-directional relay channel is the logical extension of the classical 
relay channel Q, |[2ll . ||4TI for one-way point-to-point communication aided by a relay to allow for 
two-way communication. Alternatively, it may be seen as the natural extension of the two-way channel 
which allows communication to take place with the help of a single relay. This channel has been of great 
interest of late and has been considered from a number of different perspectives. A large body of work 
concerning the bi-directional relay channel - which we do not attempt to fully summarize - has emerged, 
which may be differentiated roughly based on combinations of assumptions that are made on the type of 
relaying (CF, DF, AF, de-noise, mixed, lattice codes) and on the duplex abilities of nodes (half-duplex or 
full-duplex). We highlight some of the work under different assumptions before proceeding to describe 
extensions to multiple terminal nodes and/or multiple relay nodes. 

1. Relaying type: The simplest of relaying types is Amplify-and-forward (AF), in which relays are 
not required to do any processing on the received signal but re-scale and re-transmit it. AF schemes 
are often used as a benchmark against which to compare the performance of more complex relaying 
types |[T3l . |[T6l . |[33l - ll35l . |[37l . Decode and forward (DF) relaying assumes the relay is able to decode 
all messages before re-transmitting them. Examples of work which assume bi-directional DF relaying 
include HI, Ha-Hl, ||2a,|l2a,|l2l,||3a,|l3B,||36l,||4i,||471 Using DF relaying allows the use of 
network coding at the message level for the broadcast phase and prevents the re-transmission and possible 
amplification of noise, at the cost of forcing the relays to decode the messages, possibly reducing the 
permissible transmission rates. Compress and forward (CF), as first introduced in the context of the 
classical relay channel 161, and considered in the bi-directional relaying context in HI, ifTTl . |[36l and the 
conceptually related de-noise and forward ||35l . |[34l . ||33l . requires the relay to re-transmit a quantized 
or compressed version of the received signal. This scheme has the advantage that the rate need not be 
lowered so as to allow the relay to fully decode it, but may still mitigate some of the noise amplification 
effects seen in AF relaying by judicious choice of the quantizer or compressor. In the authors' previous 
work, |[T6l . ifTTll the mixed forwarding scheme is also proposed, in which the streams of information 
traveling in the two directions are treated differently, i.e. one direction may use DF while the other uses 
CF, exploiting the intuitive fact that DF is preferable when a relay is "close" to the source while CF is 
generally preferable, rate- wise when the relay is "close" to the destination |[T6l . |[2TI . 

2. Duplexing: Both full-duplex as well as half-duplex nodes and their corresponding achievable rate 
regions have been considered for bi-directional relaying. In ||8l, HH, IHl, IHl, 1221, m, m, |[33l - 
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Fig. 1. Three most common half-duplex bi-directional relaying protocols: a naive 4 phase protocol, the 3 phase TDBC (Time 
Division Broadcast Channel) protocol and the 2 phase MABC (Multiple Access Broadcast Channel) protocol. 
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|[35l . ll37l . H2I . H6l . BSl half-duplex nodes are assumed. This forces communication to take place 
over a number of phases, using different temporal protocols. A temporal protocol specifies which nodes 
simultaneously transmit at which time. Three of the most commonly considered protocols are depicted in 
[TJ the naive 4 phase protocol, the 3 phase time-division broadcast channel (TDBC) protocol, as well as 
the 2phase Multiple-access broadcast channel (MABC) protocol, where each "layer" of nodes describes 
a different temporal phase. It is interesting to note that in half-duplex protocols, the TDBC allows a 
destination to obtain side-information, or extra overheard knowledge, about the other user's message 
during the phase in which the message is destined to the relay. This is not possible in 2 phase MABC 
protocols in which both nodes transmit simultaneously to the relay in one phase and are thus unable 
to overhear any of the other relay's message. In |[T6l . |[T9l it is shown that neither TDBC or MABC 
dominate each other for all channel gains and SNRs. In |[T4l . lITTl a comprehensive treatment of CF, DF, 
AF and mixed forwarding schemes under both the MABC and TDBC protocols highlights the significant 
interplay between relaying types and protocols. In |[28l . |[30l . OTI . HOl . HTl the authors have thoroughly 
analyzed the broadcast phase of the bi-directional relay channel. The full-duplex scenarios have been 
considered somewhat less: in |[36l the authors derived achievable rate regions for the restricted two-way 
relay channel using DF, CF and AF schemes, in which the terminals may not cooperate in transmitting 
their messages. In ||45l full-duplex nodes are considered in order to analyze the system from a finite bit 
perspective. 

Extensions to multiple-relays and multiple terminal nodes. The bi-directional relay channel has 
been extended to include multiple relays IBl, HH, 1251, 1291, l32l, US, El and multiple terminals 
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nodes (or multiple bi-directional data streams) IB, HI, ifTOl . ifTTI . A variety of promising methods have 
been employed, but to date the capacity regions of these extensions are still unknown. 

The study of a single bi-directional communication link aided by multiple relays has been approached 
from a number of angles HH, IHI, (291, ESI, ESI, BH, which seek to address how to "best" employ 
the relays. How/which relays to select has been considered in unidirectional networks in for example 131 , 
EH, ll26l and was considered for the first time for bi-directional relay networks in 1291 . Alternatively, 
multiple relays could amplify and forward the received signals in a multi-hop fashion, or may decode and 
cooperatively re-encode and re-transmit the received signals. In the authors' previous work in lT5l . ITSl 
three classes of multiple relays protocols for the half-duplex, non-adaptive DMC and AWGN channel 
models are considered and inner and outer bounds on the capacity region are derived. 

Bi-directional relay channels with multiple bi-directional communication Unks have been much less 
considered than their single link counterpart: 

• In ITOl an interference network, with no direct links between terminal nodes, in which K half- 
duplex single-antenna source/destination pairs wish to exchange messages in a bi-directional fashion is 
investigates from a diversity-multiplexing gain perspective in the delay-limited high SNR regime. 

• The authors of H consider a similar channel model and propose the use of a CDMA strategy to 
support multiple users so as to guarantee QoS to different users. 

• In |[T1 multiple bi-directional pairs communicate over a shared relay in the absence of a direct 
link between end nodes. Under a linear deterministic channel interaction model, an interesting equation- 
forwarding strategy is shown to be capacity-achieving. This intuition is transfered to the two-pair full- 
duplex bi-directional Gaussian relay network in l38l . where a carefully constructed superposition scheme 
of random and lattice codes was used to achieved rates within 2 bits of the outer cut-set bound. 

• Finally, in [11], an arbitrary number of clusters (nodes within a cluster all wish to exchange messages) 
of arbitrary numbers of full-duplex nodes are assumed to communicate simultaneously through the use 
of a single relay in AWGN. Nodes are not able to hear each other, and it is shown that CF achieves 
within a constant number of bits from capacity regardless of SNR; interesting conclusions are also drawn 
with respect to lattice coding versus CF. 

In all four examples of multi-pair bi-directional communication with a single relay, no direct link 
between the terminal nodes is assumed to exist. This simplifies the analysis as the tradeoff between 
relayed information and directly communicated information is avoided. No "overheard" side information 
from one terminal to the other is possible, and the only side information available in this channel is each 
node's own message. 
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Fig. 2. Our physical channel model consists of multiple independent bi-directional desired communication flows (indicated 
by arrows) between multiple terminal nodes and a single base-station. Communications may be aided using one relay node. 
We note that communication need not pass through the relay as direct links between the base-station and terminals exist. Wi.j 
denotes the message from node i to node j, while Wij is the estimate at node j of the message Wij that it wishes to decode. 

C. Our contributions 

We consider a bi-directional relay network with one base station, multiple terminal nodes and one 
relay, all of which operate in half-duplex mode. The physical layout is shown in Fig. |2] We assume 
that each terminal node communicates with the base-station in a bi-directional fashion through the relay 
and do not place any restrictions on the channels between the users, relays and base-stations; that is, 
each node has a direct link with every other node. The desired bi-directional links may be seen from the 
messages Wij from node i destined to node j, and Wij the estimate at node j of the message Wi,j that 
is wishes to decode from node i. The base-station is denoted as as node with index 0. Two elements of 
the formulated problem are markedly different from prior work in this area: 

• the assumption that one end of the bi-directional links is a single base-station rather than independent 
nodes as in O, El and HOl. 

• we place no assumptions on the channels between nodes - i.e. our nodes can all hear each other. This 
allows for the possibility of causal cooperation between nodes as well as direct transmission between the 
base-station and the nodes, using the relay only when beneficial. 

Our central contributions are three-fold: 

1. We propose four temporal protocols which we call the FMABC (Full Multiple Access Broadcast), 
PMABC (Partial Multiple Access Broadcast) and FTDBC (Full Time Division Broadcast), PTDBC 
(Partial Time Division Broadcast)pTOtocoh: the first two are extensions of the MABC protocol of |[T6l . 
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pictured in Fig{T] to multiple terminal-node pairs, while the last two are extensions of the TDBC protocol 
of |[T6l . also pictured in Fig. [Uto multiple terminal nodes. 

2. Our central goal is to determine inner and outer bounds on the capacity region of the multi-pair bi- 
directional relay network. To derive achievable rate regions we suggest a number of achievable strategies, 
the key elements of which are: 

• Forwarding: We consider the decode-and-forward (DP) forwarding strategy at the relay node; and 
employ a Compress and Forward (CF) - type cooperation strategy at terminal nodes. 

• Multiple-access: In contrast to the "naive" protocol of Fig. [T] we will consider schemes in which 
multiple nodes transmit simultaneously to a single node as in a multiple-access channel. 

• Marton's broadcast region: Due to the presence of a base-station with multiple messages (one to 
each of the terminal nodes) as well as a relay with multiple decoded messages (traveling in both 
directions), we use a modified version of a generalization of Marton's broadcasting scheme |[27l to 
> 2 messages/users, which takes into account own-message side-information at each node. 

• Random binning: is used to exploit side-information from direct links as in the TDBC protocol in 
|[T6l . with the added challenge that the direct links involve a general Marton broadcasting scheme. 

• Network coding: We will use network coding on a fiow-by-fiow basis. The different bi-directional 
flows are then combined using a random binning / broadcasting strategy. 

• User cooperation: "Over-heard" side information at terminal nodes is used to allow terminal nodes 
to cooperate - using a compress and forward strategy - in transmitting their messages. 

D. Outline 

This paper is structured as follows: in Section |lll we introduce our notation and the different protocols 
we will be examining. In Section |lll] we introduce the extended Marton's bound for the general broadcast 
channel with more than two receivers. In Section JV] we derive achievable rate regions for the proposed 
protocols with DF relaying and CF-based terminal node cooperation, while in Section |V] we derive outer 
bounds for those protocols. In Section |Vll we apply the derived performance bounds to the Gaussian noise 
channel. In Section IVlIl we numerically compute these bounds in the Gaussian noise channel and compare 
the results for different powers and channel conditions, followed by the conclusion in Section IVIIII The 
proofs of technical contributions are provided in the Appendices, while those for the bi-direcitonal inner 
and outer bounds are provided in the body of the document. 
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II. Preliminaries 

A. Notations and Definitions 

We consider a base station (node 0), a set of terminal nodes B := {1,2, ■ ■ ■ , m} and a relay r which 
aids in the communication between the terminal nodes and the base station. We define A4 := BU {0} = 
{0, 1, 2, • • • , m}. We use Rij to denote the rate of communication from node i to node j, i.e. the message 
between node i and node j, Wij, lies in the set Sij := {0, . . . , [2"^"^ J — 1}. Similarly, Rs.t is the 
vector of rates from set S to set T where S,T M at which the messages Ws,t '■= G S*, j G 

T, S,T C A4} may be reliably communicated. We assume that each end user communicates with the 
base station bi-directionally and that no information is directly exchanged between end users: i.e. every 
pair of terminal nodes and i ^ B wish to exchange independent messages while Ri j = (or is 
undefined) for all i,j G B. Thus, there are a total of 2m messages in our network: ?n from node to 
each node i ^ B, and m from each node i ^ B to node 0, as shown in Fig. [21 . 

Communication takes place over a number of channel uses, n and rates are achieved in the classical 
asymptotic sense as n — )• cx). At channel use k, we use Xf to denote the input distribution and 
to denote the distribution of the received signal of node i. During phase i we use X;^ to denote the 
input distribution and Y- to denote the distribution of the received signal of node i. Because of the 
half-duplex constraint, not all nodes transmit/receive during all phases and we use the dummy symbol 
to denote that there is no input or no output at a particular node during a particular phase, i.e. we must 
have XI = or Y- = for all i phases. For convenience, we drop the notation from entropy and 
the mutual information terms when a node is not transmitting or receiving. Aj „ is the phase duration of 
phase i with block size n and Aj is the phase duration of phase i when n — > oo. It is also convenient to 
define Xg := {X^\i G 5}, the set of input distributions by all nodes in the set S at time k and similarly 
Xg'^ := {X^^^\i G S}, a set of input distributions during phase £. 

Each node i has channel input alphabet JY^ = XiU {0} and channel output alphabet 3^* = U {0}, 
which are related through a discrete memoryless channej^. Lower case letters Xj denote instances of the 
upper case Xi which lie in the calligraphic alphabets X*. Boldface Xj represents a vector indexed by 
time at node i. Finally, it is convenient to denote by X5 := {xj|i G S}, a set of vectors indexed by time. 
We also use the notation ji.s{ws,T) to denote the dependence of X5 on the message set ws,t- 

'We allow information exchanges between nodes in 13 in the cooperation protocols. However these messages are not induced 
from the system, but just used as temporary information for decoding original messages between node and B. 
^Arguments and extensions to Gaussian noise channels will be addressed in Section IVll 
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For a block length n, encoders and decoders are functions X^{W^i^ j^, Y^^, - ■ ■ , Y^^~^) producing an 
encoded message at node i, and Wij{Yj^, ■ ■ ■ , YJ^, W^jy ^) producing a decoded message or error at 
node j when it wishes to decode the message Wij from node i. We define error events Es^t '■= {^ij 7^ 
Wij{-)\i ^ S,j ^ T} for decoding the messages W5 j^} at nodes j € T at the end of the block of length 
n, and Eyj. as the error event at nodes j € T in which nodes j ^ T independently attempt to decode 
Ws,T at the end of phase i using a joint typicality decoder. A set of rates Rij is said to be achievable 
for a protocol with phase durations if there exist encoders/decoders of block length n = 1, 2, • • • with 
both P[Eij] and „ ^> A^ as n — > 00 for all L An achievable rate region (resp. capacity region) 
is the closure of a set of (resp. all) achievable rate tuples for Ag. 

Let A{U) be the set of e-strongly-typical u sequences. Similarly, A^^^UV) represents the set of e- 
strongly-typical (u^^), v^^)) sequences of length n ■ A^ ^ according to the distributions U and V in phase 
£. Also define the event D^^\u, v) := {(u^^), v^^)) G A^^\UV)} and use D to denote the complement of 
the event D. Similarly, E is defined. We denote as the cartesian product, i.e., ^f^i Xi = XixX-^y^ X^. 
Finally, let S{j) := {i\i < j,i e S}. 

B. Protocols for multiple terminal-node pairs 

The total transmission time is divided into two time divisions, each of which may consist of one or more 
phases. During the first time division - called the multiple access division, the terminal nodes transmit 
to the relay. During the second time division - called the broadcast division - the relay transmits to the 
terminal nodes. In the multiple access period, we consider four cases: 1) all terminal nodes transmit 
for the whole duration, 2) uses the whole duration and the other terminal nodes 1, • • • , m transmit 
sequentially, 3) all nodes transmit sequentially and 4) first transmits and the other terminal nodes 
multiple access. We denote the first protocol as Full Multiple Access Broadcast (FMABC) protocol, the 
second protocol as Partial Multiple Access Broadcast (PMABC) protocol, the third one as Full Time 
Division Broadcast (FTDBC) protocol, and the last one as Partial Time Division Broadcast (PTDBC) 
protocol. A more visual description of which nodes transmit when is provided in Fig. |3] 

For comparison purposes in our simulations, we also introduce what we call the simplest sequential 
protocol where all terminal nodes sequentially transmit information to the relay, i.e., ^ r , 1 — > 
r, • • • , m — > r, then the relay sequentially transmits them to the proper destinations, i.e., r — > , r — > 
1, • • • , r ^ m. 

The FMABC, PMABC, FTDBC, and PTDBC protocols describe the temporal phases or divisions of the 
transmission scheme but not what each node sends, or how its messages are encoded during those phases. 
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Fig. 3. Four proposed half-duplex protocols - the time phases of the different protocols are seen; the encoders and decoders 
in the different phases may vary. 



We will exploit three types of coding schemes - network coding, random binning and user cooperation: 

1 ) Network Coding: We will use network coding on a flow-by-flow (each flow consists of two bi- 
directional messages Wi^ and VFo,i) basis to improve achievable rates. The relay r uses decode and 
forward (DF) scheme for broadcasting the received signals. The relay r estimates {wo,i} and {wifi}, at 
the end of the multiple access period, and constructs = t«o,j © Wifi, Vi G B. Next, the DF relay r 
constructs = {wr^,Wr^, ■ ■ ■ ,Wr^) and broadcasts Xr(^«r) during the broadcast period. 

2) Random binning: Random binning is not only used in a Marton-like fashion but is further used 
to exploit side-information from direct links in the PMABC, FTDBC and PTDBC protocols. We apply 
random binning to combine, at an end user, the information received along from the direct link, and 
that received along the relaying link. Similar to the TDBC protocol of the single pair case in [16], we 
use random binning when the relay is transmitting to the destination nodes. Also, as in the Multi-Hop 
Multi-Relay protocol in |[T5l . each terminal node listens to the other terminal nodes' signals whenever it 
is not transmitting itself, thereby building up side-information which may be exploited in decoding its 
own message after the relay broadcasting division/phase. 

3) Cooperation between terminal nodes: As our channel model allows end users to over-hear the 
transmissions of the base-station and other end-nodes when they are not transmitting, over-heard side 
information is available at terminal nodes. This may be used to allow terminal nodes to cooperate in 
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transmitting their messages. Cooperation is enabled through a compress and forward strategy in which 
each terminal node in B compresses the signals received during the relay broadcast period using an 
auxiliary message set, which it then transmits during the next multiple access period. If other nodes can 
decode this auxiliary message, they are able to obtain the compressed received signals which in turn may 
be used to decode messages from the relay. 

To concretely illustrate how our cooperation strategy operates, we describe cooperation for the PMABC 
protocol; the FTDBC protocol can be similarly constructed, and cooperation is impossible under the 
FMABC and PTDBC protocols (as there are no overhead messages). We apply the sliding window and 
Compress and Forward schemes when node i (e 6) is transmitting: first, we divide the total time duration 
into K + l slots and each slot consists of m + 1 phases. Every message Wij is also divided into K blocks 
as {-Wj • • • , u)j jKi^)}, and node i transmits {ifjjKfc)} during slot k and phase i (for PMABC). After 
relay r broadcasts Xr during slot k and phase m + 1, node i compress to with auxiliary message set 
{wjj} g}. Then node i broadcasts Xi(mj o|(fc+i), tf{i},B|(fc)) during slot k + l and phase i except for the 
first and last slots. During the first and last slot, i sends Xi(it;j o|(i), 1) and Xj(l, Wjjj respectively. 

In general, joint typicality is non-transitive. However, by using strong joint-typicality, and the fact that 
for the distributions of interest x — )• y — > y, we will be able to argue joint typicality between x and y by the 
Markov lemma (Lemma 4.1 in 121). If node j {€ B ,j ^ i) can decode ^ij^} ^k^) at the end of slot k+l and 
phase i, node j can use the sequence y^™^^^ (t^jj} ^k^)) for decoding woj\(^k)- Let Jj be the set of nodes 
whose message can be decoded by node j, i.e., Jj = {i\w{i}^i3\(k) = ■f^{j},B|(fc) , VA; G [1,K + 1]}. Then 
node j uses the jointly typical sequences (x^™^^-* {wr),yj^~^^^ , fj^^^^ {w jj^i3\{k))) to decode wgjKfc). Fig. 
|4] illustrates an example of the PMABC protocol with m = 2 terminal nodes (and hence four messages). 

In the remainder of this paper, we will be considering a number of different protocols combined with 
different encoding/decoding schemes. One of our goals is to determine whether all encoding schemes are 
useful and if so, under what channel conditions certain protocols/encoding schemes out-perform others. In 
Table m we summarize the considered protocols and corresponding coding schemes. The indices/notation 
should be read as "N" means Network coding, "R" means Random binning, and "C" means Cooperation 
between end nodes. We will derive achievable rate regions for all protocols in the left hand column of 
Table U and derive an outer bound for FMABC, PMABC, FTDBC and PTDBC separately. All outer 
bounds are variations of cut-set outer bounds along the lines of |[T4l - |[T6l . 
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2 : y2'^'^wi,2|(k) 


yr^'.yr^'-^ W0,1|(k+1), W0,2|(k+1) 




y2'^!yi'^'(W1,2|(k))^ W0,2|(k) 


1 : yi*^'^W2,i|(k) 








yi'^!yi^'(w2,i|(k))^ wo,i|(k) 



Fig. 4. An example of the PMABC protocol with m — 2 and cooperation. 



TABLE I 

Protocols and coding schemes 



Protocol 


Multiple Access 


Marlon's Broadcast 


Network coding 


Random binning 


User cooperation 


Simplest 












FMABC 


X 


X 








FMABC-N 


X 


X 


X 






PMABC 


X 


X 








PMABC-NR 


X 


X 


X 


X 




PMABC-NRC 


X 


X 


X 


X 


X 


FTDBC 




X 








FTDBC-NR 




X 


X 


X 




FTDBC-NRC 




X 


X 


X 


X 


PTDBC 


X 


X 








PTDBC-NR 


X 


X 


X 


X 





III. Extension of Marton's inner bound 

Due to the presence of > 2 independent messages at the relay who will wish to broadcast messages 
to the terminal and base-station nodes, for completeness, we first present a simple extension of Marton's 
achievable rate region for the 2 user discrete memoryless broadcast channel ll27l to m independent 
receivers in the absence of common information. This Theorem will be used in the derivation of the 
achievable rate regions - where it will be carefully combined with the unique side-information available 
in a bi-directional relay channel, i.e. each node has knowledge of its own message. 

Theorem 1: [Extended Marton] An achievable rate region for sending independent information over 



January 31, 2010 



DRAFT 



13 



the broadcast channel X — > (li, I21 • • • , ^m) is the closure of all points • • • , Rm) satisfying 

Y,R,<Y,I{Uf,Y,)-I{Ui-Usi^f;) ySCB (1) 

over all joint distributions p{ui, ■ ■ ■ , Um, x)p{yi, ■ ■ ■ , ym\x), over the alphabet 0™ ^ UiX X x 0™ 3^/. 

□ 

Proof: Random code generation: For e > 0, n > and i € generate n-length sequences 

Ui(wio), WiQ G {0, 1, • • • , L2"(^(^''^')-^)J - 1}, each with probability 

I 0, otherwise. 

where \\A\\ is the size of the set A. Also define bin B'- := {wiQ\wio G [j ■ [2"(-^(^"^')"-^'~^)j , (j + 1) • 
^2n(/(C/.;y.)-ft-^)j _ 1]} for j G {0, 1, . . . , [2"-^^'] - 1}. 

Encoding: To transmit a pair of messages (wi, • • • ,Wm), pick a pair (ttiio, • • • ,Wmo) G 
which satisfies us(tt;5o) G A{Us) VS C ^B, |5| > 1, where wsq ■= {wio\i G S}. Such a (t^io, • • • ,Wmo) 
exists with high probability if 

^R^<Y1 (^(^*; - ^sii))) - \S\e - (5(e) ySCB , \S\ > 1 (3) 

from Lemma I2T] in the Appendix lAl Then send an x which is jointly typical with (ui(?i;io), • • • , Um(u'mo))- 
Decoding: Receiver i decodes Wio using jointly typical decoding of the sequence (uj,yj). 
Error analysis: We have the following error events : 

E'en : there does not exist a pair (wio, • • • , Wmo) G ^"Li -^w, such that us{wso) G A{Us) ,\/S C B, 
\S\ > 1. 

-E'emp : (ui(t(;io), • • • ,Um(7i;„,o),x,yi, • • • ,y„,) ^ A{Ui ■ ■ ■ Um X Yi ■ ■ ■ Ym). 

Ei : there exists WiQ / wiq such that (uio(tijo), Yi) G A{UiYi). 

Then, 

m 

P[E] <P[E,,] + P[E,,^p] + P[E,] (4) 

i=l 

m 

<g' + ^ 2"(^'-^(^';'^')+^) (5) 

i=l 

Since e > is arbitrary, the conditions of Theorem [T] and the AEP property guarantee that the right 
hand sides of dSjl as n — )■ cxo. ■ 
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IV. Achievable rate regions 

We first derive achievable rate regions for the simplest, FMABC, PMABC, FTDBC, and PTDBC 
protocols using only conventional (for comparison) multiple access channel (MAC) and broadcast channel 
(BC) coding techniques - along the lines of Theorem 15.3.6 in [6] for the MAC and the extended Marton's 
region of Theorem [J for the BC, as all protocols may be seen as combinations of MACs and BCs in 
the different phases. Due to their simplicity, the proofs for these simple cases are omitted and may be 
obtained as extensions of |[T4i - ||T6l . 

Subsequently, we ask whether these rate regions may be improved upon by using the more elaborate 
coding techniques which exploit over-heard side information and own-message side-information as pre- 
viously described: network coding, random binning and user cooperation. We then obtain achievable rate 
regions for the different protocols using different combinations of encoding schemes. The proofs of the 
schemes are included in the Appendix. 

A. Simplest Protocol 

Theorem 2: An achievable rate region of the half-duplex bi-directional relay channel under the simplest 
protocol with decode and forward relaying is the closure of the set of all points (iio.fti ^6,o) for all & G S 
satisfying 

i?|0},B< Ai/(xJ^);y/^)) (6) 
i?,o<A,+i/(xf+^);y/^+^)) (7) 

Rs^^o}<^m.+2l{X^'^^'^-,Yt^^^) (8) 
Ro, < A„+,+2/(X^+^+'^y/"^+^+'^) (9) 
for i G 6 over all joint distributions ]X^oP^'^'^^\xi)p^"''^^^'^\x,), over the alphabet (g)^o x X,. □ 

B. FMABC Protocol 

Theorem 3: An achievable rate region of the half-duplex bi-directional relay channel under the FMABC 
protocol with decode and forward relaying is the closure of the set of all points (iio.fe) Rb,o) for all b ^ B 
satisfying 

Rs,M < AiI{X^^^;Y,'-^'^\xf\Q) (10) 
Rm,s < Y.A2l{uP;Yl'^) - A2l{uP;Ufl^) (11) 
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for 5 C yVf over all joint distributions p{q)YYiLQP^^\xi\q)p^'^\uo, ■ ■ ■ ,Um,Xr), where Uj's are the 
auxiliary random variables with \Q\ < 2*"+^ — 1 over the alphabet (0I^o ^ ^i) x x Q. □ 

C. FMABC-N Protocol 

We consider the FMABC protocol in which Network coding is employed at the relay to combine 
messages on a flow-by-fiow basis - i.e. the message from node z(s B) to node and vice- versa are 
combined at the relay. In the following theorem, the Ui variables are the auxiliary random variables 
similar to those seen in the extension of Marton's region of Theorem [1] 

Theorem 4: An achievable rate region of the half-duplex bi-directional relay channel under the FMABC- 
N protocol with decode and forward relaying is the closure of the set of all points {Ro^h, Rb,o) for all 
b e B satisfying 

RsM < AiI{X^^^;Y,^^^\xf\Q) (12) 
R^o},T <Y.I\2I{uP;YP) - I\,I{UP-U!^1) (13) 

i?T,{o} < A2/(4'^ ; ^o'^ > U^t) (14) 

for S" C and T (1 B over all joint distributions p{q) YYiLQP^^\xi\q)p^'^\ui, ■ ■ ■ ,Um,Xr), where Uj's 
are the auxiliary random variables with \ Q\ < 2"'+^ - 1 over the alphabet ^ ®J=i^j x A'r x Q. 

□ 

The rigorous proof is provided in Appendix |B] We note that for the FMABC protocol only FMABC 
and FMABC-N (with network coding) are possible as there is no over-heard side information: during each 
phase every node is either transmitting or receiving - none are just listening. Hence, Random Binning and 
Cooperation schemes are impossible. Under the PMABC protocol however. Network Coding, Random 
Binning and Cooperation are all possible. We describe protocols with Network coding and Random 
binning, with and without Cooperation next. 

D. PMABC Protocol 

Theorem 5: An achievable rate region of the half-duplex bi-directional relay channel under the PMABC 
protocol with decode and forward relaying is the closure of the set of all points (-Ro.fe) Rbfi) for all 6 G i3 
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satisfying 



Ro,,<^iI{X^^;YP\xf\Q) (15) 
Rifl < AiI{xl'^;YP\X^\Q) (16) 
i?o,^ + R^,o < A,/(xi*\ ; y/')|Q) (17) 

j-{m+ 
S(i) 



Rm,s < j;A^+i/(t/f+^);y/"^+^)) - A„,+i/(C/f+^);C/^+^)) (18) 



ies 

for i e B and S M over all joint distributions p{q) ]XiLlP^^\xo\Q)p^^\xi\q)p^'"^~^^^UQ, ■ ■ ■ ,Um,Xr), 
where Uj's are the auxiliary random variables with \ Q\ < 3m over the alphabet ((S^I^o ^^i) x A:'^ x Q. 

□ 

PMABC-NR Protocol 

We consider the PMABC protocol in which Network coding is employed at the relay to combine 
messages on a flow-by-flow basis, along with Random Binning at the base-station node to allow the 
end-nodes to exploit information over-heard in the phases during which they are not transmitting. In 
the following theorem, the Ui variables are the auxiliary random variables similar to those seen in the 
extension of Marton's region of Theorem [T] while Voi are auxiliary random variables used for binning 
at the base-station node 0. 

Theorem 6: An achievable rate region of the half-duplex bi-directional relay channel under the PMABC- 
NR protocol is the closure of the set of all points (i?o,fe) ^6,0 ) for all 6 G ;B satisfying 

^{0},T + Rsm < E AJ{vi^\x(/^;Y,^'\v^f\Q) + J] AJ{V^f;Y^'\vif\x(/\Q) (19) 

m 

idS j=l 

A^+,I{ut^'^ ■ ) - A„,+i/(C/,(™+^) ; ) (20) 

Rs,{o} < A^.+,I{U^r^'^-Yt^'\uf^'^) (21) 

for all S,T (ZB over all joint distributions [H^i P^*H^oi, ■ ■ ■ , vom,xo\q)p'^^\xi\q)] • • • ,Um,Xr), 

where Voj are the Random binning auxiliary random variables at node 0, Uj's are the auxiliary Marton- 
like random variables used at node r and Vqt := {Vbs|s £ T} with \Q\ < 2^™ + 2™ over the alphabet 
^T=o X ®7=i (^oi X Z^,) X X Q. □ 
The rigorous proof is provided in Appendix ICl 
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F. PMABC-NRC Protocol 

We now allow the terminal nodes to Cooperate with each other in resolving the messages wq^i, \/i £ B 
- in addition to the flow-by-flow Network coding at the relay and the Random Binning at the base-station. 
In the following theorem: 

• The Ui variables are the auxiliary random variables similar to those seen in the extension of Marton's 
region of Theorem [T] 

• The Voi are auxiliary random variables used for broadcasting at the base-station node 0. 

• The Vii are the auxiliary random variables for transmitting new information from node i to node 0. 

• The Vi2 are the auxiliary random variables for transmitting cooperative information from node i to 
other terminal nodes in the set Zj, defined as the set of nodes which can decode y["^^^\w^iy^Q) at the 
end of transmission of node i. In a similar vein, J'i as the set of nodes whose quantized channel output 
is used at node i. Thus, Zj and J'i satisfy Xj = {j\i G Jj , Vj}. Note that we will derive achievable 
rate regions for given sets Zj and J'i and that the question of which sets are optimal will depend on the 
choice of metric, and are left open - in evaluating our bounds we union over all possible choices of these 
sets. 

Theorem 7: An achievable rate region of the half-duplex bi-directional relay channel under the PMABC- 
NRC protocol is the closure of the set of all points {Rq^, Rb,o) under given sets Xj, and Jh for all 5 G ^ 
satisfying 

m 

i?|0},5 < J] A,I(yJ|);y/^\yJ||l^¥\Q) (22) 
i?i,o < AiI(y//);y«|Q) (23) 

A„+i/(C7,('"+^) ; y/"*+^) , ) - A„+i/(C/,('"+^) ; uf^"-^ ) (24) 

i25,{0} < A^+i/(C/f ^0^-^+^), [/f +^)) (25) 

i?,,o < A,i(y«; y«|g) + a,/(f«; y|L|g)- 

A,/(y^^y«|Q)-A^+iJ(y/'"+^^i;("^+^Vi:^^^^^ (26) 



January 31, 2010 



DRAFT 



18 



subject to 



A™+i/(y/'"+^);y/™+^)|y/'"+'^) < A./(yi*);y/)|g) for all j G (27) 



where X-'" = argmin^.gj^{Ai/(y,^*^y/)|Q) - A„,+i/(y/'"+'^ V/"'"^'^)} for alU G ^ over 

all joint distributions p{q) ■ {HiLiP^'H^oi, ■ ■ ■ ,vom,xo\q)p'^'\vii,Vi2,Xi\q)) •p(™+^)(ni, • • • ,Um,Xr) ■ 
p("^+^) (^yj^\xr) ■ {YViLi P^"^^^\yi\yi)) ' where Voi,Vii,Vi2,Ui's are the auxiliary random variables and 
Vqt := {Vqs\s G T} with |Q| < 2""+i+m2+m+2 over the alphabet <S)T=o ^^>^<S)JLl i^Qj x Vji x Vj2 x Uj)x 
X,xQ. □ 
Remark 8: (l22l ) and (1231 ) result from the multiple access period 1^ while (l24l ) and (1251 ) result from 
the relay broadcast period. Also, (l26l ) and (l27l ) result from the cooperation between terminal nodes. The 
rigorous proof is provided in Appendix |D] 

G. FTDBC Protocol 

Theorem 9: An achievable rate region of the half-duplex bi-directional relay channel under the FTDBC 
protocol with decode and forward relaying is the closure of the set of all points (iio.6) ^6,o) for all & G ;S 
satisfying 

i?{0},B< Ai/(x('^y/')) (28) 
i2,o<A,+i/(xf+^);y/^+^)) (29) 
Rm,s < E Arn^2l{ut^'^;Yl^^'^) - A^+^mt^^^.U^^;^^^) (30) 

for z G /B and S ^4 over all joint distributions \Yl!^QP^^'^'^\xi)p^'^'^'^\uo^ • • • , Mm, a^r), where [/j 's are 
the auxiliary random variables over the alphabet ((^™ q x x <^r- □ 

H. FTDBC-NR Protocol 

We next consider the FTDBC protocol in which Network coding is employed at the relay to combine 
messages on a flow-by-flow basis, along with Random Binning at the base-station node to allow the 
end-nodes to exploit information over-heard in the phases during which they are not transmitting. In 
the following theorem, the Ui variables are the auxiliary random variables similar to those seen in the 
extension of Marton's region of Theorem[T] while Voi are auxiUary random variables used for broadcasting 
at the base-station node 0. 

^l l22t and l l23b are suboptimal for multiple access channel. Generally this is the channel in which two transmitters are 
simultaneously broadcasting to multiple receivers. We introduce a simpler suboptimal scheme here and leave the optimization 
for the future work. 



January 31, 2010 



DRAFT 



19 



Node 

• message : (wo,i,wo,2,...,wo,m) 

• codeword : (V0l(W0,1:2),...,vi)m(W0,m:2)) 
Voi(WO,1:2) 



Bw( 



■Loi- 



v'oi(WO,m:2) 



Horn 



I : jointly typical sequence 

Node i 

• message : wi o 

• codeword : Xi(\^i,o) 

Node r 

■ message : (wi,W2,...,Wm) 

• codeword : (iJT(\lri),...,iimf^rm)) 

Ui(Wri) 



Hn 



(mt2) 

Um(Wrm) 



■Lrl 



: jointly typical sequence 



Fig. 5. A diagram of encoders in tlie FTDBC-NR protocol with ^ IogLo» = AiI{VoP ■,Yy^)+Roj:i- Ro,i, ^ logi?o,i = Ro,i, 
llogL„ = A„+2/(f/f"+";r/™+'^) -i?o,.:i and MogH„ = max{i?o,»:i, i?»,0:i} for all i G [l,m]. Also, B^o,, is the 
subset (bin) of the set {too, 2:2} indexed by wo.i. Similarly, C^. is the subset (bin) of the set {wr-} indexed by Wi. 



Theorem 10: An achievable rate region of the half-duplex bi-directional relay channel under the 
FTDBC-NR protocol is the closure of the set of all points {Ro,b,Rb,o) for all 6 € S satisfying 

R{o},s<^iI{vis'^;Yy\vil}) (31) 

i?,o<A,+i/(xf+i);y/^+i)) (32) 

.(1) ^ 
OS{i) I 



i€S 
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es 

-all inint- Hictril-iiit-innc n(l)/'ii„. ... ii„ -r-^'i .(77. l^o^j 



for alH G ;B and S Q B over all joint distributions p^^\voi, • • • , t>omi 2:0) • [YYJLiP^'^'^^^ 

• • • , Um, Xr), where Voj, Uj's are the auxiliary random variables and Vqt := {Vbs|s € ^1 over 
the alphabet (g)^o ;fi x (g)JLi(Voj xUj)x X,. □ 
Remark 11: ( [3T] ) and ( [32l ) correspond to the transmissions from 7W to the relay r, while (|33] ) - (|34l ) 
correspond to the relay broadcast phase. An example of the encoding is provided in Fig. |5l where we 
see the different auxiliary random variables at nodes 0, i and the relay r. The rigorous proof is provided 
in Appendix IE] 

/. FTDBC-NRC protocol 

We allow the terminal nodes to Cooperate with each other in resolving the messages w^^i , Vi € S - in 
addition to the flow-by-flow Network coding at the relay and the Random Binning at the base-station. In 
the following theorem the interpretations of the auxiliary random variables f/j, Voi, Vn, Vi2 are the same 
as those of Theorem |7] 

Theorem 12: An achievable rate region of the half-duplex bi-directional relay channel under the 
FTDBC-NRC protocol is the closure of the set of all points {Rofi,Rbfi) under given sets and J'b 
for all 6 e ;B satisfying 

it'{0},s< Ai/(yo?;y/'\yJi^) (35) 
i?,o<A,+i/(y/;+^);y/^+^') (36) 

ies 

A r/'rr{™+2). ^('"^+2) v^^+^h A r/'rr{™+2) . rr{m+2)x .o^x 



ies 



subject to 



A^+2/(y/"^+'^;^;^'"+'V/"'^'^) < A,+i/(y|+^);y/+^)) for all j € (40) 



January 31, 2010 



DRAFT 



21 



Where if- = argmin^.^^^ {^i+Jivj^^^^ ; ) - A„,+2/(y/"^+'^ ; Y^"^^'^ \yI'^^'^ ) } for alH G S and 

5 C ;B over all joint distributions p^^\voi, ■■■ , vom,xo) YYjLiP^-'^^\vji,Vj2,Xj) p(™+^)(ni, • • • , Um, Xr) 
p('^+'^\yjg\xr) ■ YYk=iP^'^'^'^Hyk\yk)^ where VQj,Vji,Vj2,Uj's are the auxiUary random variables and 
VoT ■■= {Vos\s G T} over the alphabet (g)™^ Xi x (g)^i(Voj x Vji x Vj2 x ^/j) x ;fr. □ 
Proof outline : The proof of Theorem [12] follows the same argument as the proof of Theorem 3 in 
mi and Theorem Ul 

J. PTDBC Protocol 

Theorem 13: An achievable rate region of the half-duplex bi-directional relay channel under the 
PTDBC protocol with decode and forward relaying is the closure of the set of all points {Ro,b, Rb,o) for 
all b e B satisfying 

i?{0},B< Ail(xi'^;y/'^) (41) 

Rt,{o} < ^2l{X^T^ ; y}^^ \xf , Q) (42) 

Rm,s < J]A3/(C/f ;y/')) - A3/(C/f ;f/|l)) (43) 
ies 

for 5 C and T Q B over all joint distributions p{q)p^^\xo\q)YliLiP^'^\xi\q)p^^\uo, ■ ■ ■ ,Um,Xr), 
where [/, 's are the auxiliary random variables with \Q\ < 2™ — 1 over the alphabet ((^[^q Afj xZ//j) x^Yr x Q. 

□ 

K. PTDBC-NR Protocol 

We next consider the PTDBC protocol in which Network coding is employed at the relay to combine 
messages on a flow-by-flow basis, along with Random Binning at the base-station node to allow the 
end-nodes to exploit information over-heard in the phases during which they are not transmitting. 

Theorem 14: An achievable rate region of the half-duplex bi-directional relay channel under the 
PTDBC-NR protocol is the closure of the set of all points {Ro,b,Rb,o) for all 6 G satisfying 



R[ois<^iI{yos-^Y}'>,V^'^>) (44) 

%|o} < ^2l{xf ; Y,^^^ \xf , Q) (45) 

i2{0},5 < j;Ai7(F«;y«) - Ai/(fW;FW^P + A3/(C/,(');yfV (46) 

ies 

Rs,{o} < A2l{xf;Yi^^\xf,Q) + AsI{U^^^;Yi^\uf) (47) 
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for all 5 C 5 over all joint distributions p{q)p^^\voi, ■ ■ ■ ,vom,xo) ■ [YYjLiP^'^H^j\Q)j ' 
p^^\ui,--- ,Um,Xr), where Voj,Uj's are the auxiliary random variables and Vqt ■= {Vo<j|s G T} with 
|Q| < 2™ - 1 over the alphabet (g)™^ ;t-, x (g)^i(Voj xUj)xA:,xQ. □ 
Remark 15: (l44b and (l45l) correspond to the transmissions from 7W to the relay r, while (l46l ) - (|47] ) 
correspond to the relay broadcast phase. The proof of Theorem [14] follows the same argument as the 
proof of Theorem 3 in |[T6l and Theorem |6l 

V. Outer Bounds 

We now derive outer bounds for the FMABC, PMABC, FTDBC and PTDBC protocols using the 
following cut-set bound lemma tailored to multi-phase protocols first derived in |[T6l . and included for 
completeness. Given subsets S,T C A4 = {1,2, ■■ ■ , m}, and S := M\S, we define Ws,t '■= G 
S,j G T} and Rs,t = lim„^oo ^H{Ws,t). 

Lemma 16: If in some network the information rates {-Rjj} are achievable for a protocol P with 
relative phase durations {A^}, then for every e > and all 5 C 

Rs-s < ^,I{xf ■ yf \xf ,Q) + e, (48) 

for a family of conditional distributions p^^\xi,X2, ■ ■ ■ , Xm\(l) and a discrete time-sharing random variable 
Q with distribution p{q). Furthermore, each p^^\xi,X2, ■ ■ ■ ,Xm\q)p{q) must satisfy the constraints of 
phase I of protocol P. □ 
The FMABC, PMABC, FTDBC and PTDBC outer bounds are obtained by applying the above lemma 
to the different protocols; in each protocol the "cuts" will look different depending on what nodes are 
permitted to transmit during each phase, leading to different outer bound regions. 

A FMABC protocol 

Theorem 17: (Outer bound) The capacity region of the half-duplex bi-directional relay channel under 
the FMABC protocol is outer bounded by the set of all points {Rofi,Rb,o) for all b ^ B satisfying 



i?{0},B < AiI{X^'>;Y,''>\X^^'>,Q) (49) 

i?B,{0} < A2/(X,('^yJ'^) (50) 

%{0} < Ai/(X«;y«|4^\x(^\Q) (51) 

R{0},s<^2I{X^^^;YP) (52) 
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for all choices of the joint distribution p{q)YTiLoP^^H^i\Q) P^'^\^r) with \Q\ < 2™ over the restricted 
alphabet (g)™ g Xi x x Q for all possible S C B. □ 
Proof: For every S (Z B, there exist 4 types of cut-sets: 5i = {0} U S, S2 = {r}U S, S3 = {0, r}uS 
and 54 = 5, with corresponding rate pairs Rs,{o} ^^id R{0},s- By definition of the FMABC protocol, 

yj,) = X^^^ = (53) 

= y/') = 0. (54) 

Thus, the corresponding outer bounds for a given subset S are: 

51 : i?|o},5 < Ai/(xi'^ , ; \xf^ ,Q) + e, (55) 

52 : Rs,{o} < A2I{XP ; Fp^'^ ,Y^^^) + e, (56) 

53 : i?{o},s < ^2l(.xP ; yj' V e, (57) 

54 : Rs,{o} < AiI{X^^^;YP\x'^^\x^^\Q) + e, (58) 



R{o},s < R{o},B (59) 
< Ai/(xJ'^y/')|X^'\Q) + e (60) 



In (1551 ). we have 



< Ai/(X(^) , X W ; y/^) |4'^ Q) + e (62) 



AiI{X',";Y,''>\X\;>,X'^>,Q) + e (61) 
'(1) 



Similarly, in (1561 ). we have 



-Rs,{0} < -^Z3,{0} (63) 

< A2/(4'^yJ'^) + e (64) 

< A2/(xP);yJ'\yJ')) + 6 (65) 

Thus, the following inequalities capture all possible Si's and S'2's, respectively. 

i?|0},B < Ai/(4') ; y/') , Q) + e (66) 

%|o} < A2/(4'^yJ'Ve (67) 

Since e > is arbitrary, (l58l ). (l66l ). (|67] ) and (l57l ) yield Theorem [TTl By Fenchel-Bunt's extension of the 

Caratheodory theorem in |[T2l . it is sufficient to restrict |Q| < 2*". ■ 
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B. PMABC protocol 

Theorem 18: (Outer bound) The capacity region of the half-duplex bi-directional relay channel under 
the PMABC protocol is outer bounded by the set of all points {Ro,b, Rb,o) for all 6 G ;B satisfying 

m 

R{0},B < J] A,/(X«;y/*)|X«,g) (68) 
1=1 

i?e,{o}<A™+i/(x('"+^);yJ"'^'^) (69) 

Rs,{o} < E ; ^^^'^ ' ' Q) (70) 

i&S 

A^+i/(x("^+^);yj™+^)) (71) 

for all choices of the joint distribution p{q)ll'ZiP^'\xo\q)p^'\xi\q)p^"'+'^'^ (x,) with \Q\ < 2'"+^ - 1 
over the restricted alphabet 0™ q '^i x '^r x Q for all possible S B. □ 
Proof outline : The proof of Theorem [18] follows the same argument as the proof of Theorem [17] 

C. FTDBC protocol 

Theorem 19: (Outer bound) The capacity region of the half-duplex bi-directional relay channel under 
the FTDBC protocol is outer bounded by the set of all points (i?o,6) ^6,o) for all 6 G satisfying 



R{0},S < min < 



Ai/(XW; y<(^^) + E A,^^I{X^^'\Yt'^) + A„+2/(^r+'^ l^r^'^) } (72) 



EA.+i/(xp^);yJ^^^\y/+^\yr^') (73) 

for all choices of the joint distribution YViLoP^^~^^H^i) p^^'^'^^x^) over the restricted alphabet (^^q Xi x 
;fr for all possible S <Z B. □ 
Proof outline : The proof of Theorem [19] follows the same argument as the proof of Theorem [TT] 
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D. PTDBC protocol 

Theorem 20: (Outer bound) The capacity region of the half-duplex bi-directional relay channel under 
the PTDBC protocol is outer bounded by the set of all points (i?o,6) ^6,0) for all 6 G S satisfying 

R{0},s < min { Ai/(X(1) ; Y,^'^ , ) + A^Iixf^ ; y/'^ |4') , Q) , 

Ai/(4^) ; yj^ V A3/(X(') ; yP ) } (74) 

Rs,{o} < min{A2/(xf ,Q) + A3/(x(');yo^'\yf ), 

A2/(xf ,g)} (vs) 

for all choices of the joint distribution p{q)p^^\xo) ]XiLiP^'^Hxi\q) p^^\xr) with |Q| < 2"* — 1 over the 
restricted alphabet >^ X, x Q for all possible S Q B. □ 

Proof outline : The proof of Theorem [20] follows the same argument as the proof of Theorem [TT] 

These outer bounds will be evaluated in Gaussian noise, as described next. 

VI. Gaussian noise channel 

In this section, we evaluate the achievable rate regions and outer bounds obtained in the previous 
section to an AWGN channel. To do so, we assume an additive white Gaussian noise (AWGN) channel 
model, assume Gaussian input distributions for the achievability schemes, which may or may not be 
optimal, and evaluate the mutual information terms. The resulting rate regions are indeed quite complex: 
our goals are to demonstrate, at least under Gaussian input distributions, that: 

• Network coding. Random Binning, and Cooperation all improve the rate regions over simpler schemes 
which employ standard multiple access and broadcast channel coding schemes. 

• There are no inclusion relationships between FMABC, PMABC, FTDBC and PTDBC regions. 
Furthermore, we include entirely the somewhat laborious analytical expressions in the Gaussian noise 

regime; we hope that these expressions may be of use to the further exploration of the obtained regions 
in for example the high or low SNR regimes, which is the subject of current investigation [20] . 

A. Channel model 

The corresponding mathematical channel model is, for each channel use k : 

Y[k] = HX[A:] + Z[k] (76) 
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where, 





" Yo[k] ' 




' Xo[k] ' 




" Zo[k] ' 




Yi[k] 




Xi[k] 




Zi[k] 


Y[k] = 




, X[k] = 




r» r 7 1 

, Z[k] 










X^[k] 




Z^[k] 




Y,[k] 




_ X,[k\ _ 




_ Z,[k] _ 




/io,i ■ ■ ■ 










••• 






H = 








hr,0 K,l ■ ■ ■ 








(78) 



where Y[A;], X[k] and Z[k] are in (C*)('"+2)xi = (C U {0})('"+2)xi^ jj ^ ^{m+2)x{m+2) _ pj^^^g 
£, if node i is in transmission mode Xi[k] follows the input distribution X^^'^ ~ CM{0,Pi). Otherwise, 
Xi[k] = 0, which means that the input symbol does not exist in the above mathematical channel model. 

hij is the effective channel gain between transmitter i and receiver j. We assume that each node is 
fully aware of the channel gains, i.e., full CSI. The noise at all receivers is independent, of unit power, 
additive, white Gaussian, complex and circularly symmetric. For convenience of analysis, we also define 
the function C{x) := log2(l + x). 

For the simplest case m = 2, we get the following achievable rate regions for the Gaussian channel 
from Theorems [3] ~ [141 For the analysis of the cooperation scheme, we assume Yi are zero mean 
Gaussians and define Py := E[Yi] , Py := E[Y-^] and ay := -£[1111]. Then the relation between the 
received Yi and the compressed Yi are given by the following equivalent channel model: 

Yi[k] = \^Yi[k] + Z^[k] (79) 

where /i^j = ^ and r-^ CM{f),Py — p^)- We note that in the following, Py and ay are unknown 
variables corresponding to the quantization which we numerically optimize. For convenience of analysis, 
we assume that |/ir,il > |/ir,2j> j^o.il > j^o.2| and |/ii^r| > |^i,2|- Since the given channel is degraded as 
X.^Yi^ Y2, li = {2} and I2 = 0. 

B. Achievable rate regions in the Gaussian channel with m = 2 

We apply the bounds found in previous sections to the Gaussian channel with three terminal nodes 
(0, 1, 2) and one relay node (r). The detail evaluations of necessary mutual information terms are defined 
in Appendix IF] 
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Simplest Protocol 



From dV]) 



From ^ 



(80) 
(81) 
(82) 
(83) 



From ([Toll < 



From m \ Ro,i + Ro,2 < AiC(j/io,r|'^'o) 

Ri,o < A2C(|/ll,.|2Pi) 
R2,0 < A3C(|/l2,rpP2) 

From dUl \ + i^a.o < A4C7(|/i,^o|2p,) 

i?0,l < A5C(l/l,,i|2p,) 
i20,2 < A6C(|/l,,2|'i^r) 

To obtain the regions numerically, we optimize Ai, A2, A3, A4, A5 and Ag for the given channel 
mutual informations to maximize the achievable rate regions. 
FMABC Protocol 

RQ,l+Ro,2<AiCi\ho,r\^Po) 

Ri,o < AiC(|/ii,,|2Pi) 

R2fi < AiC(|/l2,r|'P2) 

^0,1 + R0,2 + Rl,Q < AiC(|/lo,rpPo + |/ll,rPA) (84) 
R0,1 + R0,2 + R2,0 < AiC7(|/lo,rpPo + |/l2,rpP2) 
Rl,0 + R2,0 < AiC(|/li,,|2Pi + |/l2,rpP2) 

^0,1 + ^0,2 + Rl,Q + R2,0 < AiC{\ho,r\^PQ + \hi,,\^Pi + |/l2,rpi^2) 
Rl,0 + R2,0 < ^2CB{Pr,Ko,\f^,0^) 

i?0,l < A2CB(P„^,o,A;2^^r'^) 
RQa < ^2CB{Pr,K0,\f^ 

Rl,0 + R2,0 + R0,1< A2(CB(Pr,/jr,0, AJ?,/3^')) + CB{Pr, hr,0,~X'S jP))- 

A2Cbe{xII\~x';2'JP) 

From m i Ri,o + R2,o + Ro,2 < A2{CB{Pr,Ko,xll\pi^^) + CB{Pr,Ko,\lfjP))- 

A2CBE{Xll\~Xlfj^'^) 
R0,l+R0,2 < A2{CB{Pr,Ko,X'Sj^^^)+CB{Pr,K,o,X';fjl^^)y 
A2CBE{XH\~X^rl\^r^^) 

Ri,o + i?2,o + Ro,i + Roa < A2(Cb(P„/i,,o, a!?^^'^) + CB{Pr,Ko,~x[f 
CB{Pr, hrfi, x!'^ ,0^ ) — CbE2{X^^ ,X^^ ,X^^ ,0^) — Cbe{X^^i , X^^ ,0)) 

(85) 



f2) ~{2) 

To obtain the regions numerically, we optimize Ai, A2, Ar and P) for the given channel mutual 
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From (dUl < 



A3CBi^(A!f,Ag\^^'^) 

^1,0 + R2,0 + i?0,2 < MCsiPn /lr,0, AJ? JP^) + /l,,o, Ag\^^')))- 

A3CBi^(A!f,Ag)jP)) 
^o,i + i?o,2 < A3(Cij(P,>,,o,Ag\^PVcB(P„/i,,o,Ag\^P^))- 
A3CBi^(Ag\Ag\^(')) 

i?l,0 + R2,0 + i?0,l + i?0,2 < AsiCsiPr, Kfl, ,0^) + Cb(P„ /l,,o, Ag\ ^ 



CB(Pr,^r,0, Ag'',/?^^'') - CbE2{^)c^^' A)c2 ^P''^') ~ ^ Be{Ki , ^)c2 ^ l^r"^' )) 



(3) t(3) v{3) 5(3), 



-(3) t{3) 5(3) , 



(92) 



To obtain the regions numerically, we optimize Ai, A2, A3, A^^"* and for the given channel 
mutual informations to maximize the achievable rate regions. 
PMABC-NR Protocol 

i?i,o < AiC(|/ii,,|2Pi) 

i?2,0 < A2C(|/l2,r|'P2) 

-Ro.l < AiCc(-Po, ^0,r, Ao^i\ Aq2\ /Sq"*^^) + A2Cc(-Po,^0,r,AQ^\Ao2'',/3Q^^) 



Ro,l+Rl,0 < AiCA/(Pi,Po,/il,r,/lO,r,Ag>/3o'V 

«(i) 



AiCc(Po, ho,r, X'q\' , A^2^ , (3','> ) + A2Cc(Po, /^o.r, aJ,? , Ag) , ] 

Rq,1 + R2,Q < A2CMiP2,Po,h2,r,hQ,„~X^ol ^0^) + 

AlCciPo, ho„ AE,1^ ^2 > 4'^) + ^2Cc{Po, ho,r, a[,?, a[,5 ) 

i?0,l + -Rl,0 + R2,0 < ^iCm{Pi, Pq, /il,n ^0,r, ^^'2 , (3^^^^ ) + 
A2Cm{P2,Po, h2,n ho,n + 

AiCc(Po,/io,r,AS,Ag,/3o'V 

A2Cc(i-b, /iO,r, Ao^\ Aq2'' , /3o^^ ) 
i?0,2 < AiCc(i^05 ^0,r, Aq2\ Aq^i\ /3q"'^^) + A2Cc(-P0) /iO,r, Aq2'' , Aq^'' , /3o^^ ) 
i?0,2 + -Rl,0 < AiCa/(Pi, -PO) ^l,r, ^0,r, Aq^'', /3o^^) + 

AlCciPo, ho,r, AS . 4? ' ) + A2Cc(Po, /iO,r, 45 , 4? ' ) 



From ([Ull < 



(93) 



January 31, 2010 



DRAFT 



30 



From (O < 



From (EQIi < 



From ^ 



R0,2 + R2,0 < A2CMiP2,P0, /i2,r, ^r, ~X^oi^^O^) + 



AlCciPo, ho,r, ^02 ' V ' (^0 ) + A2Cc(Po, ho,r, ^02 ' V ' ^ 



(2) t(2) 5(2) ^ 



i?0,2 + -Rl,0 + -^2,0 < ^iCm{Pi, Po,hi^r,ho^r, ^01 ^ (^0^^)~^ 
A2Cm{P2,P0, h2,n ho,r, V 
AlCc(Po>0,r, ^2^^ V 
A2Cc(i-b, /iO,r, -^02^ -^Ol'' '/^O^^ ) 

Rq,i + i?o,2 < AiC(|/io,rP^o) + AsCdVP^o) 

i?0,l + ^0,2 + Rl,0 < AiC{\ho,,\^Po + |/il,rPi^l) + A2C(|/lo,rpPo) 
i?0,l + ^0,2 + R2,0 < AiC{\ho,,\^Po) + A2C(|/l0,rpP0 + |/l2,rpi='2) 

i?0,l + R0,2 + i?l,0 + R2,0 < AiC(m,|2Po + |/ll,rP^'l) + A2C( | /iQ.r P^O + |/l2,rP^'2) 

(94) 

i?o,i < A2Cb/(Po, P2, /io,i, h2,i, 4?. 4'^) + A3Cij(P„ a;?) Jp)) 
iio,2 < AiCB/(i^o, A, ho,2, hi,2, xSJo^) + A3Cb(P„ /i,,2, Ag\ 

-Ro,l + ^0,2 < AiCb7(Po) -Pi, ^0,2, ^1,2, Apg^ /3q^'') + 



A2Cbi{Po, P2, ho,i,h2,i, Ag\ 

A3(CB(Pr, Kl, + Cij(P„ /i,,2, Ag\ 

AiCb£;(Ao\\ Ao2\/3o^^) - A2Cb£;(Ao^\ Aoa^ /Sq^^)- 



(95) 



Pl,0< A3Cc(Pr,/lr,0,A;f,Ag\^^'^) 
ii2,0 < A3Cc(Pr,/lr,0,Ag\A!f 

i2l,0 + i?2,0 < AsCd/lr.ol'i^r) 



(96) 



To obtain the regions numerically, we optimize Ai, A2, A3, Aq^'', /3q^\ ^'o \ Pq'\ ^^f^ and j3r'^\ 
for the given channel mutual informations to maximize the achievable rate regions. 
. PMABC-NRC Protocol 

Rq,1 < Ai(7c/(i^0i A, ^0,r, /il,r, Aq^\ Aq2'', A^^-*, ^g"^\ ^1^-') + 
A2Cc;/(Po, Pi , ho,r, /l2,r, X^oi ' 45 > 1. /^f > 1) 



From (EJll < 



From dlD 



i?0,2 < AiCc'/(-Po5 -Pi, ^0,r, /il,r, Aq2'', Aq^-*, A^^-*, /5o"'^\ /?^^^) + 

A2Cct(Po, Pi, /lO,r, /l2,r, ^l^ 1- /^f > 1) 

%l+«0,2 < AiC7M(Po,Pl,%r,/il,r,Ag\^r^) + A2C(|/lO,rpPo) 

Pl,0 < AiCB/(Pl,i='0,/il,r,/l0,r,Aff,;Sf^) 
P2,0 < A2CB/(P2,i^0,/i2,r,%r,l,l) 



(97) 



(98) 
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From (E4b < 



Ro,i < A2Cbi{Po, P2, /iO,l, /i2,l, A^?, /3f ) + A^CBiPn Kl, A[? Jr^'^) 
i?0,2 < AiCbm(Po> -Pi, /l0,2, /ll,2, Ao2\ A^2^ /^O^'*' + 

AsCscl^'r, /ir,l, /lr,2, Ag\ P|, ^i) 

i?0,l + iio,2 < AiCba/(Poi -Pi, ^0,2, ^1,2, Aog'', A^g''; /^0^^ + 

A2Cbj(Po, P2, ho,i, /i2,i, A^?, /3f )+ 

A3(Cb(P„ A;^ , + CBciPr, /ir,i, /ir,2, Ai2'\ , ^7l))- 

AlCB£; (a(\\ A^ J« ) - A^CBEixS^ Ag\ )- 



From (125 



From (l26 



A3Cbe(A!?,A!2'\;3P)) 



i?l,0< A3Cc(Pr,/lr,0,Ag\Ag\/3^'^) 
ii2,0< A3Cc(Pr,/lr,0,Ag\A;f,/3^')) 

i?l,0 + i?2,0 < A3C7(|/l,,o|'Pr) 

i?l,0 < AiCB/(Pl,Po,/il,r,/lO,r,Aii\;3fV 

AiCsKPi, Po, /ii,2, ho,2, Ag, V 



(99) 



(100) 



AiC7^^(A-, A-,/3-) - A3C 



(1) 



^(1) 

From (Hill I A3C(j^(g|i:^^^j < AiCb/(Pi, Pq, /ii,2, /io,2, Ai2^ 
where 

P 



|/lr,2|'Pr 



Kll^Pr 



(101) 



(102) 



(103) 



|/lr,2PPr + l Ki\^Pr + l 

To obtain the regions numerically, we optimize Ai, A2, A3, Aq^\ ^q'^'', A^''' , /3\''' , Aq^'', /3q^\ AJ: 

~(3) 

/3r , Pf and (Ji for the given channel mutual informations to maximize the achievable rate regions. 
FTDBC Protocol 



From m { Ro,i + Po,2 < Ai(7(|/io,rpPo) 

Pi,o < A2C(|/li,,|2Pi) 



From (E2 



P2,0 < A3C(|/l2,r|'P2) 



(104) 
(105) 
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From (I30l) < 



Rifi + R2,o < A^CeiPr, Ko, ~xit\pi^^) 

Ro,l < ^4C'B(-Pr, ^r,0) ^r2^ ^r^'') 

Ri,o + R2,o + RoA < A4(Cb(P„ ^,,0, a;?,/3^'^) + CeiPr, Ko, a;2\^^'^))- 

/2l,0 + i?2,0 + i?0,2 < A4(CB(Pn/lr,0,AS\/3^'^) + CB(Pr,M,A;j J^')))- 

A4CBz.(Aif,AiJj(^)) 
^o,i + i?o,2 < A4(CB(P,>,,o,Ag\^^'VcB(P„/i,,o,Ag\^^'^))- 
A4CBz.(Ag),AiJj(^)) 

i?l,0 + ^2,0 + Rq,1 + R0,2 < A4(CB(Pr,/ir,0, a;? Jr^^^) + C B {Pr, hr ,0 , Jr^^ ) + 



(4) \(4) t{4) 5(4), 



:(4) t{4) 5(4) , 



(106) 



To obtain the regions numerically, we optimize Ai, A2, A3, A4, a[^^ and /3r^^ for the given channel 
mutual informations to maximize the achievable rate regions. 
. FTDBC-NR Protocol 



From dSB < 



From 



From 



Ro,2 < AlCc{Po,ho^r,XQ'2 jX'qi 
R0,1 + Rq,2 < AiC(|/lo,r|^i^o) 
i?l,0 < A2C([/li,,j2Pi) 
i?2,0 < A3C([/l2,r|'P2) 

i?0,l < AiCB{Po,ho,l,Xi^^jl,'^)+A4CB{Pr,Kl,~Xifj^^^] 



(107) 



(108) 



R0,2 < AiCB{Po,ho,2,Xi}lP^o^)+AiCBiPr,K2,Xl2'^Pr 

Ro,i + Ro,2 < Ai{CB{Po,ho,u~X'6^J^^'^) + CB{Po,ho,2X2Jo ^))+ 
A4(Cb(P„ V, A;t\ /3(')) + CB(Pr, /ir,2, Ag\ 

A,Cbe{xSi\>'02Jo'^) - A4CBi=;(A;?, Ag) 

i?l,0 < A2C(j/li,o|2Pi) + A4Cc(Pr,/lr,0,A;?,Ag\;9.^')) 

R2,0<A3C{\h2,o\^P2) + A4CciPnKo,Xlt\~Xlfj^^^) 

i?l,0 + R2,0 < A2C(|/li,o|2Pi) + A3C(|/12,0P^2) + A4C (|^,OpPr) 



;(4) «(4), 



From dSl) < 



(109) 



(110) 



To obtain the regions numerically, we optimize Ai, A2, A3, A4, Aq^\ A^'^^ and /3r^^ for the 



given channel mutual informations to maximize the achievable rate regions. 
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. FTDBC-NRC Protocol 

Rq2 < Ai Cc (-Pq 5 ^0,r , ^02 ' ^01 ' /^O^'' ) 



From (|35 



(111) 



From (l36 



Ro,i + Roa < AiCi\ho,r\^Po) 
Ri,o<A2CB{Pi,hi,„\'g>J\ 

R2,0 < A3C(|/i2,rpP2) 



(112) 



Ro,i < AlCB(Po,/io,l,Aff,/3^'^) + A4CB(P„/l,,l,A^l^A 

Ro,i + Ro,2 < Ai(Cb(Po, /io,i, a[,1\ /3j'^) + Cb{Po, ho,2, A^, #^))+ 

A4 (Cs (P, , , a!^) , ) + CBc{Pr, Ki, K2 , Ag) , , Pi , ) ) - 



(4) 5(4), 



From ^ < 



From (EU) < 



A.CBEix'il JS^^) - A4C^^(A;t\ Ag) 



Pi,o < A2CB(Pi,/ii,o,Afi\/3f)) + A4Cc(Pr,^,o,A;t\Ag\/3(^)) 

P2,0 < A3C{\h2,o\^P2) + A^Cc{Pr,Ko,Xlt\XnJr^^) 

Pl,0 + P2,0 < A2Cb(Pi, /li,o, Ai? + A3C(|/l2,o|'^2) + A4C (|/l,,o|'^r; 



Pl,0 < A2CB(Pl,/il,r,AS? Jf)) + A2CB(Pl,/il,2,Ag,/3f^ 

A2C^MAi?, Ag, ) - A4C7 f^^im^ 
From (Hi { A4C ( p^(i^;^^;i^"if:;l^). ) < A2Ci^(Pi,/ii,2, Ag,/3: 
where 



(113) 



From 



Pl{\h,.,\' + l)-ia,r 



p* 



|/lr,2|2Pr + l |/lr,lPPr + l 



(114) 
(115) 

(116) 
(117) 



To obtain the regions numerically, we optimize Ai, A2, A3, A4, a!q \ a!"^\ fi^\ a[^\ 
Pj and (Ti for the given channel mutual informations to maximize the achievable rate regions. 
PTDBC Protocol 



(118) 



From (HB \ R^ ^ + 2 < AiC(|/io,rpPo) 

Pi,o < A2C(|/li,,|2Pi) 
P2,0 < A2C(|/l2,rpP2) 

Rlfl + R2,0 < A2C(|/ll,rpPl + |/l2,r|'P2) 



From (I42]l < 



(119) 
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From (03]) < 



^1,0 + R2,0 + i?0,2 < MCsiPn /lr,0, AJ? JP^) + /l,,o, Ag\^^')))- 

A3CBi^(A!f,Ag)jP)) 
^o,i + i?o,2 < A3(Cij(P,>,,o,Ag\^PVcB(P„/i,,o,Ag\^P^))- 
A3CBi^(Ag),Ag)j(=^)) 

i?l,0 + R2,0 + i?0,l + i?0,2 < AsiCsiPr, Kfl, ,0^) + Cb(P„ /l,,o, Ag\ ^ 



CB(Pr,^r,0, Ag'',/?^^'') - CbE2{^)c^^' A)c2 ^P''^') ~ C Be{Ki , ^)c2 ^ l^r"^' )) 

(120) 

To obtain the regions numerically, we optimize Ai, A2, A3, a[^^ and for the given channel 
mutual informations to maximize the achievable rate regions. 
PTDBC-NR Protocol 

Ro,i < AiCc(Po> ^o,n Aq^"*, Aq2\ ^0^^) 



(3) t(3) v(3) 5(3), 



-(3) t(3) 5(3) , 



From dBl) < 



From 



From (061) < 



From (07ll < 



Ro,2 < AiCciPo, ho,r, aS^ aJ1\ ^S'^) 

R0,l + R0,2 < AiC7(|/lo,rpPo) 
Rl,0 < A2C(|/li,,j2Pi) 
R2,0 < A2C(|/l2,rpP2) 

Rl,0 + R2,0 < A2C(|/li,,|2Pi + j/l2,rpP2) 

i?o,i < AiCB(Po,/io,i,ASy JS'^) + A3C7B(P„/i,,i,A;f ,^^')) 

R0,2 < AlCB{PoM,2A'ii .P'i^) + AzCB{Pr.K2,\fj ,0^) 

Ro,i + Ro,2 < Ai{CB{Po,ho,uX'i^J^'^) + CB{Po,ho,2,X^l^Q^))+ 

A3 {Cb (Pr ,Kl, Ajf , 0^ ) + CB{Pr,K2, X^f , 0^ ) ) " 

AiCBij(A[,l\ Ag JS'^) - /^zCBE{\f^ A'^S ^0^) 

i?l,0 < A2C( j /li,o 1 ) + A3CC (Pr , /lr,0 , A^^ , , ) 
i?2,0 < A2C(l/l2,0pi^2) + A3Cc(Pr,/ir,0,Ai2'\Ag\^^'^) 
i?l,0 + R2,0 < A2C7(|/li,opPi + !/l2,0|'^'2) + A3C7 (|/ir,Opi^r) 



(121) 



(122) 



(123) 



(124) 



To obtain the regions numerically, we optimize Ai, A2, A3, a'^\ 0\ a['^^ and 0^ for the given 
channel mutual informations to maximize the achievable rate regions. 
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From dSB < 



(125) 
(126) 

(127) 



From §^ < 



(128) 



C. Outer bounds in the Gaussian channel with m = 2 
. FMABC Protocol 

From m { Ro,i + Rq2 < AiC(|/io,rP-Po) 
From (ES I + ^2,0 < A2C(|/i,,opi^r) 
Ri,o < AiC(|/ii,,|2Pi) 

i?2,0 < AiC(|/l2,rpP2) 

Rl,0 + ii2,0 < AiC(|/li,,|2Pi + |/l2,rpP2) 

i?oa < A2C(|/i,,i|2p,) 

ii0,2 < A2C(|/l,,2pPr) 
^ ii0,l + ii0,2 < A2C(|/lr,l|2Pr + |/ir,2pPr) 

To obtain the regions numerically, we optimize Ai and A2 for the given channel mutual informations 
to maximize the achievable rate regions. 
PMABC Protocol 

From m { Rq,i + i?o,2 < (Ai + A2)C(|/io,r|^i^o) 
From m { i?i,o + i?2,o < A3C(|/i,,opPr) 

Pi,o < AiC(|/ii,,l2Pi + |/ii,2|2Pi) 

R2fi<^2C{\h2,r\^P2 + \h2,l\^P2) 
Pl,0 + P2,0 < AiC(|/li,,|2Pi) + A2C(|/l2,r|'P2) 

P0,1 < A2C{\ho,l\^Po + \h2,l\^P2) + A3C(|/1,,1|2P,) 
P0,2 < AiC(j/lo,2pPo + |/il,2pPl) + A3C(j/l,,2pPr) 

[ i?o,i + Ro,2 < AiC(|/io,2pPo) + A2C(|/io,i|2Po) + A3C(j^,i|2p, + |/1,,2|2P,) 

(132) 

To obtain the regions numerically, we optimize Ai, A2 and A3 for the given channel mutual 
informations to maximize the achievable rate regions. 



From dVO] 



(129) 
(130) 

(131) 



From (TTT 
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From (|72ll < 



(133) 



From ^ < 



(134) 



. FTDBC Protocol 

R0,1 < AiC(|/lo,rpPo + |/i0,lP^0) + A3C(|/l2,rP^2 + |/i2,lP^2) 

Ro,i < AiC(|/io,ipPo) + A3C(|/i2,iP^'2) + A4C7(|/i,,i|2p,) 

i?0,2 < AiCdVpPo + m2p^'o) + A2C(|/li,,|2Pi + |/li,2pPi) 
i?0,2 < AiC(|/lo,2pPo) + A2C(|/li,2pPl) + A4C(|/i,,2pPr) 

^0,1 + ^0,2 < AiC7(!/io,rpPo + \ho,i\'^Po + |/io,2pi^o) 

^0,1 + ^0,2 < AiCdVlP^O + |/i0,2pi^0) + A4C(|/l,,i|2p, + |/l,,2pP,) 

i2l,0 < A2C(|/li,opPi + |/ll,2pPl) + A4C(|/l,,oP^r + |/ir,2pPr) 
i2l,0 < A2C(|/li,o|2Pi + |/ll,2|2Pl + |/ll,rpPl) 

R2,0 < A3C(j/l2,0p^2 + |/i2,lpP2) + A^C {\h,,o\^ + |^,lpPr) 
i22,0 < A3C(|/l2,o|'^2 + |/i2,l|'P2 + \h2,r? P2) 

Rl,0 + ^2,0 < A2C(|/li,opPi) + A3C(|/i2,o|'^'2) + A4C( |/l,,o I'^r) 
^ Rl,0 + ^2,0 < A2C(|/li,opPl + |/ll,rpPl) + A3C(j/l2,0p^'2 + |/i2,rpP2) 

To obtain the regions numerically, we optimize Ai, A2, A3 and A4 for the given channel mutual 
informations to maximize the achievable rate regions. 
. PTDBC Protocol 

R0,1 < AiC(|/lo,rpPo + \ho,l\^Po) + A2C(|/l2,rPi^2) 

Ro,i < AiC(|/io,i|'^o) + A3C(|/i,,i|2p,) 

R0,2 < AiC(|/lo,rpPo + \ho,2\^Po) + A2C {\hi,,\^ P^) 
Ro,2 < AiC(|/lo,2|'Po) + A3C(|/l,,2pPr) 

^0,1 + ^0,2 < AiC{\ho,r\^Po + \ho,i\^Po + IhoM^Po) 

R0,1 + R0,2 < AiC{\ho,l\^Po + \ho,2\^Po) + A3C(|/1,,1|2P, + |/l,,2pPr) 

i?i,o < A2C(|/ii,opPi) + A3C(|/i,,opP, + \h,,2\^P,) 

i?l,0 < A2C(|/li,o|2Pl + l/iLrl^i^l) 
i22,0 < A2C(|/12,0P^2) + A3C(|/l,,opP, + 
R2,0<A2Ci\h2,0\^P2 + \h2A^P2) 

Rl,0 + R2,0 < A2C(j/ii,opPi + \h2,o\^P2) + A3C(|/i,,opP,) 

_ ^1,0 + ^2,0 < A2C(|/li,opPl + \hlA^Pl + |/12,0P^2 + \h2,r?P2) 

To obtain the regions numerically, we optimize Ai, A2, and A3 for the given channel mutual 
informations to maximize the achievable rate regions. 



From dVll) < 



(135) 



From (l75]l < 



(136) 
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VII. Numerical analysis 

In this section, we numerically evaluate the rate regions obtained in the previous section for the case 
of two terminal nodes m = 2. We first compare the achievable rate regions and outer bounds of the 
different protocols, using different combinations of encoding schemes, for both reciprocal channel Hi 
and asymmetric channel H2: 
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We then proceed to examine the maximal sum-rate Ro i + iio,2 + ^1,0 + ^2,0- Finally, we dedicate the 
last section to the evaluation of the cooperation coding gain. 

A. Achievable rate region comparisons 

We compare the achievable rate regions of the different protocols, using different combinations of 
encoding schemes, with the simplest protocol. We set Pq = A = ^2 = = dB and H = Hi.ln Fig. |6l 
there are three achievable rate regions; 1) the simplest protocol (Simple), 2) convex hull of the FMABC, 
PMABC, FTDBC, and PTDBC protocols (MB) and 3) convex hull of the FMABC-N, PMABC-NR, 
FTDBC-NR, and PTDBC-NR protocols (MB-NR). The 4-dimensional rate regions {Rq^i, iio,2, Ri,o, -^2,0) 
are projected onto (-Ro,i + ^0,2, ^1,0 + ^2,0) 2-dimensional space. For more realistic comparison, we add 
lower limits of individual data rates, i.e., iio,i ^ 0.01, i2o,2 > 0.01, Ri^ > 0.01, R2,o ^ 0.01 to guarantee 
minimum information flow in each data link. Without this limitation, the maximum sum-rates will be 
reached when both the transmission rates R0 2 and i?2,o equal zero at least in the Simplest case because 
the link between the relay and the node 2 is very poor. We want to emphasize that the value of the 
minimum data rate (set as 0.01 here) do not affect the following simulation outcomes. The Simple region 
is outer bounded by the MB region. This implies that the proposed protocols using only conventional 
MAC and extended Marlon's broadcasting coding largely enhance the performance. Furthermore, we can 
significantly improve the achievable rate region by Network coding and Random binning schemes (in 
MB-NR). 

We next evaluate the achievable rate regions and outer bounds for different SNR regimes and channel 
conditions. We plot the inner bounds of the FMABC-N, PMABC-NR, FTDBC-NR, and PTDBC-NR 
protocols. The main outcome is that different protocols are optimal under different channel conditions. 
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Fig. 6. Comparison of protocol and coding gains witii Pq — Pi — P2 = P, = dB, H — Hi and rate constraints 
(Ro,i > 0.01,i?o,2 > 0.01,i?i,o > 0.01,i?2,o > 0.01). 

This is because the amount of side information and multiple access interference is different. In the low 
SNR regime (Fig. |7]), the FMABC-N protocol outperforms the other protocols since the amount of both 
side information and multiple access interference is relatively small. However, in the high SNR regime 
(Fig. [Tol l, the FTDBC-NR protocol becomes the best since it exploits side information more effectively. 

In Fig. [8] and |9j the PMABC-NR protocol outperforms the other three protocols. The first case (Fig. 
[U is when channel is asymmetric as — ?• 1 and 0^2 are very good but the opposite direct links are 
almost disconnected. In this case, using side information in nodes 1 and 2 and multiple access for node 
would be the best choice since the quality of direct links are different. The second is when we have 
different power allocation. Indeed, if we allow larger input power for the base station (node 0) and relay 
(node r), the direct links from the base station are good enough to convey information. The terminal 
nodes can then exploit the side information efficiently. Therefore, the PMABC-NR protocol has the best 
performance in this channel condition. 

There is no significant different between two TDBC protocols, the FTDBC-NR and FTDBC-NR 
protocols. Since only difference is using multiple access or sequential transmitting for terminal nodes 
(€ B), two type of side information, i.e., one is from node to node i, the other is the opposite direction 
are both available. The small gap is from the efficiency of multiple access and generated interference. 
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B. Sum rate comparison 

In Fig. [ni we plot the maximum sum rates (i^o.i + ^0,2 + Rifi + -^2,0) of FMABC-N, PMABC-NR, 
FTDBC-NR and PTDBC-NR protocols and the corresponding outer bounds. As expected, in the low SNR 
regime (< 15 dB) two MABC protocols are better than the two FTDBC protocols, while the FTDBC 
protocols are better in the high SNR regime (> 15 dB). We also note that the slope for MABC protocols 
changes at around < 15 dB. Indeed, the multiple access interference increases with SNR and limit the 
maximum sum rate of the MABC protocols. However, the slopes are the same in the outer bounds since 
the sum rate constraints don't affect to the outer bounds. 
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Fig. 11. Sum rate comparison with H = Hi. 



C. Cooperation coding gain 

To show the cooperation coding gain, we plot the achievable rate region of the different protocols 
with and without cooperation. In Fig. [121 we fixed the data rates (iio,i' ^2,0) to the rate pair ((0.19,0.01) 
and plot rate regions in the (i?i,o, i?o,2) domain. We do this to highlight the cooperation gain, which 
comes from re-allocating node I's transmission resources (i.e. relative power) to the two information 
flows; 1 ^ r (-Ri,o) and 1^2 (i?o,2)- As expected -NRC protocols achieve much better performance 
than -NR protocols. Notably, the cooperation protocols improve i?o,2 without any degradation of i?i in 
the FTDBC protocol. In contrast, the maximum i?i of the PMABC-NRC protocol is less than that of 
its PMABC-NR only protocol. We explain this by the fact that in our achievable rate region, we used a 
simplified and sub-optimal (successive decoding like) receiver in the PMABC-NRC protocol instead of 
using a fully general joint-decoder (as is done in the simpler PMABC-NR protocol), which limits the 
Rifi. If we were to enhance the PMABC-NRC scheme by using the general joint decoder, the maximum 
i?i would be reached and the overall performance would improve - a technically challenging task left 
for future work. We furthermore expect the gains of cooperation to increase if many more terminal nodes 
are able to exploit node I's cooperative broadcasting; however these situations with current regions are 
too complex to be evaluated numerically. 

VIII. Conclusion 

In this paper, we introduced four new temporal protocols which fully exploit the two-way nature of 
the data and outperform simple routing or multi-hop communication schemes: the FMABC, PMABC, 
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Fig. 12. Comparison with Pq = Pi = P2 = P, = dB, H = Hi and Ro,i = 0.19, i?2,o = 0.01. 



FTDBC, and PTDBC protocols. We also proposed various coding schemes: Network coding. Random 
binning and user cooperations which exploit over-heard and own-message side information. We derived 
achievable rate regions as well as outer bounds for the proposed protocols, using different combinations 
of encoding schemes, for a decode and forward relay. We compared these regions in the Gaussian noise 
channel. With numerical evaluations, we verified that different protocols achieve the best performance in 
different channel conditions and we highlighted the relative gains achieved by network coding, random 
binning and compress-and-forward-type cooperation between terminal nodes. 

Appendix A 
Lemma for Theorem [H 

Lemma 21: For a given subset S B, \S\ > 1, we define w = {wi,i € S}, wq = {wio\i € S}, 
u(wo) = {ui{wio)\i e S}, U = {Ui\i e S} and the set 



D^:=^u{wo)eA{V)\wo€QgBl\. (138) 
Then for any choice of w, e > and sufficiently large n : 

P[\\D^\\=0]<e (139) 

with 

Y.Ri<Yl iHUuYi) - I{Ui- [75(.))) - |5|e - 6{e) (140) 

ies ies 

where 5(e) ^> as e 0. □ 
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Proof: We use the similar proofs to Lemma in Q. From Chebychev's inequality, we have 

P[\\D^\\ = 0] < P[\\\D^\\ - E[\\D^\\]\ > eE[\\D^\\]] < j^^l^^l^W ^^"^^^ 



and 



P[u(wo) e Dw] > 2"(^(U)-E.« nm-sie)) (142) 



Therefore, 



E[\\D^\\] = n 11^-. II • PH^o) e ^w] (144) 
To find an upper bound of ((t[||I?vv||])^> we first estimate £^[||L'w|P]- 

^[ll^wf]= Yl ^[u(wo)G^w] + 
u(wo)gD„ 

J2 ^[u(wo) e Dw] • P[u(wi) e i^w] (146) 

u(wo),u(wi)eD„ 
u(wo)^u(wi) 

fn 11^-. II' - n 11^-. ii) • 2-2«(^...^(^-^-u))-5(^)) (147) 

Vies je5 / 

Thus, from (11451 ) and (11471 ) we have 

{a[\\D^\\]f = E[\\D^\\']-E[\\D^\\f (148) 

< II . 2~'^'^^jES HUj;Usu))-5{e)) (149) 
i&S 

< '2'^iJ:.esiHU,;Y,)-R,-e)-j:,^sliU,;Usu))+Si^)) (150) 
From (11451 ) and (11501 ) for sufficiently large n 

P[Pw||=0]<e (151) 

with 

^ i?i< 5] (/([/,; y,) -/([/,; -|5|e- 5(e) (152) 

i&S ieS 
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Appendix B 
Proof of Theorem |4] 

Proof: Random code generation: For simplicity of exposition we take |Q| = 1. 

1) Phase 1 variables: Generate random (n • Ai „)-length sequences 

• ^o\w{q},b) i-i-d- with p'^^\xq), u;{o},b G 5{o},b 
. ^(wj^o) i-i-d. with p^^\xi), Wifi G Sifi, e B 

2) Phase 2 variables: Generate random (n • A2,n)-length sequences 



and R,^ = max{i^o,^, ^i,o} + {A2l{Ul '■,Yy^>) - 4e - i^o,^) for i € [1, m]. 
and define bins;. := {w^^w,^ G [j. L2-(^.J(C/f ^y/=')-fio,.-4e)j ^ (^. + 1). L2"(^^^(^'''-^''')-^°.--4^^ 
1]} for j € {0, 1, • • • , [2'^^-^^{R^.,R^.^}\ _ i}. 



Encoding: During phase 1, encoders of terminal nodes send the codewords Xq {w^ojjs), x.\ {wifl). 
Relay r estimates wo^i and o after phase 1 using jointly typical decoding, then constructs Wi = 
WQ^i^Wifl- To transmit messages {wi, ■ ■ ■ ,Wm), pick {Wf^, ■ ■ ■ ,Wr^) G <S>^i ^Im ^^'^^ ^^^^ ^^''^'^i't) ^ 
^(2)(C/t), VT C B, \T\ > 1, where Wr^ := {w^^i G T}. Such a Ki,--- i^^r^) exists with high 
probability if 



Y,Ro,^ < {A2liuP;Y}^^) - A2/(C/,('^;4co)) " l^k " S{e) Q B , \T\ > I (154) 



from Lemma |2T] Then the relay finds a Xr jointly typical with (ui (Wf^), • • • , Um (u;r,„)) and assigns 
it as the codeword corresponding to {wi, • • • , Wm)- Relay r sends xj: {wi, • • • , u)m) during phase 2. 

Decoding: Node estimates zDj^o after phase 2 using jointly typical decoding. Since Wi = wo^i © Wi^o 
and knows WQ^i, node can reduce the number of possible Wf. and likewise at node i, the cardinality 



. uf{Wr^) with p(2)(ui), y;^^ € {0, 1, • • • 



12'^Rh\ -l}:=Sr^, where 




(153) 



of is 2"(A^^(f/f' ;y/'')-4e). 



£rror analysis: Recall that w, 



{wr, \i G T}. Then, 



= P[Eenc U Edec] < P[Eenc] + P[Edec] 



(155) 



m 




(156) 
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where E is the entire decoding error event, Eenc is the set of encoding error events, and Edec is the set 
of decoding error events. P[Eenc\ may be driven to as n — )• oo by (1154b and Edec may be decomposed 
into individual decoding error events on each link as: 

P[E{0}M]<P[Ei^,{r}^4L}^ (^57) 
<^[<W] + ^[4;},«I<W] (158) 

<^[<^,{r}]+^[<,{0}I^M{r}] (160) 

P[E^j^ ^^^] tends to zero as n — )• oo by Theorem 15.3.6 in [61 and the condition in (fT2l) . 

P[E{;j^^^j|^«^^j] <P[^(2)(u^(^j,y^)] + p[u^^^g^^.^^^^^^^^D(2)(u,(u;,J,y,)] (161) 
<2e (162) 

XI -PMi5T.{o}7^i"T,{o}^^^HuT(^irT),Uf (u;ri.),yo)] (163) 

TCB 

<e+Y^ 2^^T.m2-^-^2.AAU^"^;Y^"\u^"^)-^') (i64) 

The total cardinality of the case (wr^ ^ Wr^) is bounded by 2"^^ since w^^ is uniquely specified by 
wt,{o} if is given. 

Since e > is arbitrary, the conditions of Theorem |4] and the AEP property ensure that the right hand 
sides of (11621 ) and (11641 ) tend to as n ^ cxo. By Fenchel-Bunt's theorem in |[T2l . it is sufficient to 
restrict |Q| < 2"+^ - 1 since we have 2™+^ - 1 in ■ 

Appendix C 
Proof of Theorem [6] 

Proof: Random code generation: For simplicity of exposition only, we take \Q\ = 1. For all 
i € [1, m], first we generate a partition of 5o,i randomly by independently assigning every index wo^i G 5o,j 
to a set So^i{k), with a uniform distribution over the indices /fc € {0, . . . , [2"^°- ij - 1} := So,i:i. We 
denote by so,t(tt'o,«) the index k of 5o,i(^) to which luo,^ belongs. 
1) Phase j (G [l,m]): Generate random (n • „)-length sequences 
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vg\u;o,i:2) with p^^\vo,), wo,i:2 G {0, 1, ' ' ' , [2"^°-^] " 1} := 5o,.:2, where 



(165) 

0, otherwise. 



and i?o,*;2 = Ro,i:i + EJLi Aj/(yoy^^/'0 - e'. Then we define bin Bl := {wo,^■.2\wo,i:2 G 

for /c € {0, 1,-- - , L2"-^''''J - 1}. 
• Ji.j'\wjfi) i.i.d. with p^^\xj), Wj^ € 5j,o 
2) Phase jtt, + 1: Generate random (n • Am+i^„)-Iength sequences 

. uJ^'+^V'rJ with p(™+i)(ui), w,^ e {0,l,-- - , [2"^'" J - 1} := where 



||A(".+i)(C/OI|' Ui € ^^^^^ 
0, otherwise. 



and i?,. = max{i?o,^:i,i?i,o} + (A„+i/([//"+'^ y/™+')) - 4e - i?o,^;i)- 
and define bin Cl := {w^r.kr. € [k ■ L2"(^"+i^(^*'"^";'^/"^")-^''-i-4^)j , 
(A: + 1) • L2"(^'"+i^(^''"^"'^^""^")-^-i-4^)j _ for g {0, 1, • • • , L2"'"^"{^--'^-°>J - 1}. 
Encoding: 

1) To transmit (wo,i, • • • , wo,m), node picks (wo,i:2, • • • , i^o,m:2) € (g)™ ^ B^^^ such that 
vSKo},S:2) G A(^\Vos), yj G [l,?n],V5 C i3 , |5| > 1. Such a (^1-0,1:2, • • • ,wo,ni:2) exists with 
high probability if 

m 

J2 (Ro, - ^o,.i) < E E A,/(V^'^ y/^'^) - A,/(yJf ); yj^l^p - 5(e) (167) 
ies i€S j=i 

for S C ;B , |5| > 1 from Lemma |2T] Then node finds a Xq'' jointly typical with 

(vq\^ (ifo,i:2), ■ ■ ■ , VQ2i(wo,m:2)) and designate it as the codeword corresponding to (tfo,i, • • • , WQ^m) 

for all i € [1, ?Ti]. Node sends Xq ^(u/q,!, • • • , u;o,„i) during phase i. 

2) During phase i, encoder of terminal node i sends the codeword xf\wifi) for i G [l,?Ti]. 

3) Relay r estimates ?io,i and u/j after phase m using jointly typical decoding, then constructs Wi = 
wo,i:i®Wifi. To transmit a pair of messages {wi, • • • , Wm), pick a pair (w^ , • • • , tDr„ ) G 0™ 1 C^. 
such that u^"''^^(?i;rs) ^ A^^~^^\Us)- Such a (wn, • • • ,Wr^) exists with high probability if 

Y,Ro,r.i < A^+i/(C/,(™+^);y/-+^') - A„+i/(^(-+^);C/(;+^)) - - 5(e) (168) 
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forS<ZB, IS"! > 1 from Lemma 1211 Then the relay finds a Xr™^^^ jointly typical with 
{u\^'^^\wr^), ■ ■ ■ ,u^~^^\wr^)) and designate it as the codeword Corresponding to {wi,--- ,Wm)- 
Relay r sends x^"^^^-* {wi, • • • , Wm) during phase m + 1. 
Decoding: For all i G [1,?7t,], 

1) Node estimates Wifi after phase m + 1 using jointly typical decoding. Since Wi = wo,j:i © "Wifi 
and knows wo^i, node can reduce the number of possible Wi. 

2) Node i estimates w^^ after phase m + 1 using jointly typical decoding. Similar to the case of 
node 0, node i can reduce the cardinality of to 2"(^'"+i^(^'' * ^ and node i decodes 
WQ^i;i from the bin index of Wr^. Then, node i estimates WQ^i;2 using jointly typical decoding of the 
sequence (vQ-^^(7Z;o,i:2),yP'*), for all j / i. Since node i knows the bin index Sw„ X''^o,i) wq^i-i, it 
can reduce the cardinality of u;o,j:2 to 2"*-^^?^' After decoding tDo,i:2> node i finally 
decodes wq^i from the bin index of t()o,i;2- 

Error analysis: 

P[E] = P[Eenc U ^dec] < P[Eenc] + ^[^dec] (169) 
m 

<e + Y, P[E{o},{^}] + P[E{^},{0}] (170) 

i=l 

where E is the entire error event, E^nc is the set of encoding error events, and Edec is the set of decoding 
error events. P[Eenc\ is upper bounded by sufficiently small number e from ( 11671 ) and ( 11681 ). E^^c can 
be separated by individual decoding error events in each link. Then Vi G [l,"i], 

PlE^oun] <^[(ur=i41.}.{r}) U U ^M?}] (171) 

^[<:{;}i(nr^i4ol.},{.}) n ^i:;^] (172) 

^[i?{.},{0}] <P[(U- U (173) 

Now we will show that P[U™ li^g^.^,^,^], ^ ^[^^^W I(nr=i41.},{r}) n 

-Sl'^'to^l and PlE^'^^rnl I HTli r il tend to zero as n ^ oo. For the convenience of analysis we 

{r},{j}J L {r},{0}l J-1 {Oj},{r}J 
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define 5|j(u;o,i:i) = ^wo,.es,A^o..:i)Ko,. and C'^{wifl) = U^„_,,,65o,.iC4„^^^gg^_ Then, 



< J]P[^(^)(voB(li;{o},B:2),XjKo),yr)]+P 



(175) 



T,SeBw{0}.T Ws,{0} 



,T:2), Vo2^(W{o},f :2)> Xs(w)s,o), yr)]- 

.ses 



(176) 



JJP[D(')(voT(ty{0},T:2),Vof (u;|o},f:2)'Xs(tys,o),yr)] 



T,Sel3 



(177) 



The total cardinality of the case (t(){o},T:2 7^ ^{o},T:2) is bounded by 2"^t°i'^ since ^«{o},T:2 is uniquely 
specified with W{o},t if ''^{o},f :2 is given. Also, 

PiEt}'!t}\^T=i ^{ol,},w] <P[^("^+')(uiKJ,y.)] + P[U,^,gci,,K,„)I)(™+^)(u.KJ,y,)] (178) 

-n(A„+i,„/(l/.<'"+'';y/"+'')-3£) 



<e+|C)j(u;,,o)| -2- 



^(m.+l) 



(179) 



(180) 



Y.P[u^s.,.,^^s.i.,D^''^'''\Myjrs),^s{^r,),yo)] (182) 

The total cardinality of the case (wr^ ^ Wr^) is bounded by 2"^^ since is uniquely specified with 
ws,{0} if ^^5,{0} is given. 

Since e > is arbitrary, with the conditions of Theorem [6l a proper choice of {Rq^.i} and the AEP 
property, we can make the right hand sides of (11771 ). ( 11791 ). (11811 ) and (11831 ) tend to as n — > 00. By 
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Fenchel-Bunt's theorem in |[T2l . it is sufficient to restrict |Q| < 2^™ + 2"^ since 2^"^ inequalities are from 
([T9l) and 2™ inequalities are from (l20l) . ■ 

Appendix D 
Proof of Theorem [7] 

Proof: Random code generation: For simplicity of exposition only, we take |Q| = 1. For all 
i € nodes and i divide wo.i and wi^ into K blocks, then nodes and i have message 

set {wQ^i\(i),WQ.i\^2)r-- ^WQ^i\{K)} and {wi^o|(i)> '«^j,o|(2), • • • ,u^i,o|(/o}' respectively. Then we generate 
a partition of Sq^i randomly by independently assigning every index i«o,i|(fe) £ Sq^i to a set So,i{h), with 
a uniform distribution over the indices /i G {0, . . . , [2"^° = — 1} := 5o,i:i- We denote by so,i(ii'o,il(fc)) 
the index /i of So,i{h) to which Wo,t|(fc) belongs. 

1) Phase j (G [l,m]): Generate random {n ■ Aj „)-length sequences 

• ^Qi{wo,i:2) with p(j)(voi), W0,i:2 G {0, 1, • • • , [2"^°.-J - 1} := So,r.2, whcrC 

,0-)(vo.) = I (184) 
I 0, otherwise. 

For convenience of analysis we define i^o,^:3 = ZjeJ. ^j^(^o? ? ^/^^ I'^^/l VE^^j. ^i^(^o/^ ! ^ 
and take -Ro,i:2 = Ro,i:i + -Ro,i:3 — e'- Then we define bin Bf^ := {1^0,1:2 |'t«o,j:2 £ [/i • 

L2"(^?O,.:3+iJ0,.:l-%..-.')j^ (/l+l). L2"(-^''-3+^''-l-^''.'-^')j -1]} foj- /j £ {Q, 1, . . . , L2"-^0 ■ ' J - f } . 

• vJ{Vj-o:i) with p(^)(vji), u;^- 0:1 G {0, 1, • • • , [2"«--iJ - 1} := Sjfi-.i, where 

p(^-)(v,0 = I (185) 
I 0, otherwise, 

and v%\w{,}^s:i) with p(^)(v,-2), u;^},^:! G {0, 1, ■ • ■ , [2"^o},.:iJ _ 1} - S^^y^^a, where 

v,2GA(^-)(y,2) 



p0-)(v,2)=<| ^^^^^11' ^-^^^ (186) 

0, otherwise. 

and Rj,o:i = Ajl{v}p-M'^) - 4e , R^j^^^;! = Rm,B + A,-/(y/|^ y|I) 

-A^+i/(y^.^'"+^^y/™+^Vil!!.?'^^) - 4e. Then we define bin := {u;j,0;iki,0;i G [/i ■ 
L2n(A,/(y<,^^y<^>)-ij,,„-e0j^ L2-(A,/(y<,^>;y<^'^ /, g {0, 1, . . . , L2"^.,oj_ 

1}. Similarly, 5^ := G [^i- [2 J 

1) ■ [2 ' T"' ^ ' ' ' ' _ 1]} for G {0, 1, • • • , [2"^o},Bj _ 1}. 

2) Phase jtt, + 1: Generate random (n • Am+i,n)-length sequences 



January 31, 2010 



DRAFT 



49 



. u]^^'>{w,J with p(™+i)(ui), w,^ G {0, 1, • • • , L2"^''J - 1} := S,^, where 

p(-+i)(u.) = | ll^--H^Oll' ^^^^^ 
I 0, otherwise. 

and R,^ = max{i?o,^:i,i?^,o} + (A„+i/(C/f y/™+'\ - 4e - i?o,^:i)- 

and define bin Cj^ := € [h • L2"(^-^^(^-'""^"^/'""^''^r^')-^.--4^)j , 

(/,+ !) . L2-(A™+./(f/<'"+^';^/"^^',^'jr"^')-«o.--4^)j - 1]} for g {0, 1, • • • , [2"— - 1}. 
Encoding: In slot /c, 

1) To transmit (wo,i|(fc), • • • ,Wo^rnm), node picks (w;o,i:2, • • • ,wo,m.:2) e (g)™i ^JJ,*,,,;,, such that 
Vo5(^'{o},S:2) € A(^\Vos), Mj e [l,m], 5 C |5| > 1. Such a (wo,i:2,--- ,t(^o,m:2) exists with 
high probabiUty if 

for S C |5| > 1 from Lemma |2T] Then node finds a Xq"* jointly typical with 

(vq-|^ (tL>o,i:2), • • • , VQj^(wo,m:2)) and designate it as the codeword corresponding to (uiQ^iKfe), ■ ■ ■ , Wo,m 

for all i e [l,?7i]. Node sends XQ'*(i(;o^i|(fc), • • • ,iL'o,m|(fc)) during phase i 

2) Node compresses yj™"^^"* to y^J^^^\ws^j^^Q\(^k)) if there exists a ty{j},B|(fe) such that 
(yj™'^^\ y^™^^^(u;|j} g| is in the jointly typical set at the end of phase m + 1 in the slot k. 
There exists such a ws^j^^^^^^^ with high probability if 

= A^+i,„/(y/"'+^);y;"+^)) + e (189) 

and n is sufficiently large. 

To transmit (wj,o|(fc); node j picks {wjfi-i,W{j},B:i) such that 

(v]l^K',0:l),v]^2^(^i'{i},B:l)) ^ (l/jiyj-s) and (u^j,0:l,^«{i},B:l) ^ ^^ioK.) X " Such 

a {wjfi-.i^Wi^ji^ j^.i) exists with high probability if 

i?,,0:i + A„,+i/(y;™+^); y/"^+^) |y^p.+^)) <A,/(y//); y/^'^) + A,/(y|); y^^„)- 
A,/(y//);y|■)) - 5(e) (190) 

from Lemma [2T] Then node j finds a x^^ jointly typical with (v^{^ (^i,0:i)) v^i^ (""^{j},;?:!)) and des- 
ignate it as the codeword corresponding to ("w^j^oKfc)) '"^{j},z?|(fc-i))- Node j sends ■x.^p {wj^^^k^ ^^{j},B|(fc 
during phase j. 



January 31, 2010 



DRAFT 



50 



3) Relay r estimates u'ciKfc) ^nd i()j^o|(fc) ^f^r phase m using jointly typical decoding, then constructs 
Wi = woA;i ® Wifi\(^k)- To transmit a pair of messages {wi, • • • , Wm), pick a pair (wn, ■ ■ ■ , Wr^) G 
(g)^i such that uj^+^^^s) e V5 C fi, |5| > 1. Such a Ki, • ■■ ,w,J exists 

with high probability if 

Y^RoM <Y.^^rn+iI{ut^''^-Y^^^'\Y^J^^'^)-^^^J{U^^^ - \S\e-5{e) 

i£S ies 

(191) 

for 5 C 0, |5| > 1 from Lemma [211 Then the relay finds a x^'"^^'' jointly typical with 
^^(m+i)|^^^j _ ^ ^ ^(m+i)|^^^^-j^ and designate it as the codeword corresponding to {wi,--- ,Wm)- 
Relay r sends x^™^^'' {wi, - ■ ■ , ifm) during phase m + 1. 
Decoding: For all i G 

1) Node estimates iZ'j o|(fe) ^f^r phase m+1 using jointly typical decoding. Since Wi = tL'o,i:i©w^i,o|(fc) 
and knows tDo,i|(fc)' node can reduce the number of possible Wi\(^i^y 

2) Node i decodes W{h},B|(fc-i) ^fter phase h if there exists a unique tt'{/i},B|(A:-i) such that 

(v£^(*W,e|(fc-i))>yf ) e ^('^H^hsl^) and {yt^'\y'r^'\w{,y,B\ik^,^) g for 
/i G i7i- Then, node z estimates w^^ of k — 1 slot after phase m + 1 using jointly typical sequences 
(u[™^^^ , yl™^^^ , yj"^^^ )■ Similar to the case of node 0, node i can reduce the cardinality of to 
2 ^ ^ * ' ' ' -^i ' and node i decodes it;o,j:i from the bin index of Wr-. Then, node i 
estimates using jointly typical decoding of the sequences {^Tq^ (i'^o,«;2)5 v^^^ {w{j}^B:i)i'yi''^) for 
all j G Ji and {^q^ {wo,i:2),yi'^) for all j ^ Ji . Since node i knows the bin index Stoo,i(w^o,i|(fc-i)) 
as it;o,i:i, it can reduce the cardinality of u;o,i:2 to 2"'^^^ej. ^.■-''(K*'';"n*''|v/2')+E,gj. A,-f(v„'/';y/'')-e')_ 

After decoding it)o,j:2> node i finally decodes ^io,j|(fe-i) from the bin index of iZ)o,j:2- 
Error analysis: 

P[E] = P[Eenc U ^^dec] < P[Eenc] + i^[^dec] (192) 
m 

<e + Y^ P[E{o},{^}] + ^[^{.},{o}] (193) 

i=l 

where E is the entire error event, E^nc is the set of encoding error events, and E^ec is the set of decoding 
error events. P[Eenc\ is upper bounded by sufficiently small number e from (11881 ). ( 11891 ). ( |190b and ( 11911 ). 
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Edec can be separated by individual decoding error events in each link. Then Vj € [1,?ti], 

P[EioU^}] <P[(ur=ii?g,j,^.p U U i^SJJl U E^-^l^^] (194) 

^[^o},{o}] <^[(ur=i4!.M.}) u 4:;+;|] (i96) 

Now we will show that P[U™ P[U,,^^.i?f,|^^^.j|n- .^^^^^j^^,^], P[E|:^+J||(n,,^^.4^|^^^.j)n 

tend to zero as n ^ oo. For the convenience of analysis we define i?^*(^o,j:i) = i£So ^iwo i i)Ewa i 
and Cj^iwifi) = , ,e5o,.i<^4„,,.ie«;,o- Similarly, 5f (j) = U^^^^^g^j^S^^ such that 

■m 
j=l 

,5:2), Vo5(u;|o| 5.2), Vii(Wi,0:l), Yr)) (198) 



SCB 

m 

<m-e + Y^ 2"(^'.''^i-'^-'"^(^A"';^r<")+3e) _^ ^ 2"(^f >-^"^-i A,.„7(y«;y/",y«|yA")+.') ^^^^^ 

i=l SCB 



The total cardinality of the case (tZ'{o},5:2 ^{o},5:2) is bounded by 2"^^''''^ since t(){o},5:2 is uniquely 
specified with w^q^^s if ^Wjo} 5.2 is given. 



Also, 



he J J 



^[U^){.,,H:,eiJ-0-)^^''^K2(^I'{h},B:i),yi)] (201) 
< e + |ij^2^j)| . 2-«{A.,„/{K'?';K<''')-3.) (202) 
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and = 2 . 

<P[^(™+i)(u,KJ,y,0] + P[U^^^,c^,K,„)^^"^+'^K-(*^^ (203) 
<e + \Cj,{w,,o)\ ■ 2-"(^— ^(^r""^^"""'^r")-3^) (204) 

<5^P[^«(vo,K,:2),yi)] + 

<(m - 1)6 + • 2""(^-^ A.„/(i^«;^<''|v^«)+E.,^ A.,./(K«;^'")-") (206) 

E^[U^-.m^--.m^^"^'^("s(*^.^)'"5K,),yo)] (207) 

SCB 

<e+Y^ 2"-^^-{''>2~"-^-+i'"(^(^s'"+";'i'o'"''">c^s"''")-^') (208) 
SCB 

The total cardinality of the case {wr^ ^ Wrg) is bounded by 2"^^'t°> since is uniquely specified with 

ws,{0} if ?^5,{0} is given. 

Since e > is arbitrary, with the conditions of Theorem |7] and the AEP property, we can make the 
right hand sides of (I199I ). (12021 ). (12041 ) . (12061 ) and (12081 ) tend to as n ^ oo. By Caratheodory theorem in 
|[T2l . it is sufficient to restrict |Q| < 2"^+^ + m? + 1111 + 2 since 2™ inequality is from (l22l ). ?n inequalities 
are from (|23] ). 2™ inequalities are from (l24l ). m inequalities are from (|26l ) and m{m — 1) inequalities are 
from (|27]). ■ 

Appendix E 
Proof of Theorem [Tol 

Proof: Random code generation: For all i G [1,?ti], first we generate a partition of Sq^i randomly 
by independently assigning every index wq^i G Sq-i to a set 5o,i(j), with a uniform distribution over the 
indices j G {0, . . . , [2"^° ' — 1} := 5o,i:i. We denote by SQ^i{wo,i) the index j of SqaU) to which i(;o,i 
belongs. Similarly, we generate a partition of 5i^o with the cardinaUty 2"^' ° ^ 
1) Phase 1: Generate random (n • Ai^„)-length sequences 
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^Oiiwo,i:2) with p(i)(voi), wo,r.2 G {0, 1, ' ' ' , [2"^° ^^] " 1} := So,r.2, whcre 

pW(vo.) = l (209) 



0, otherwise. 



and i?o,i:2 = Ro,i:i + Ail(l/j{/^; y/^^) - 4e. Then we define bin := {u;o,i:2|w^o,i:2 S [j • 
^2n.(Ai/(yo</^y/'>)+Ro..:i-iJo,.-4e)j^ (^■_^l).[^2"(^i^(^o*"''^'*'*)+^^^ for j e {0, 1, • • • , [2"^°- 

!}• 

2) Phase i + 1: Generate random (n • Aj+i „)-length sequences 

. x.[''^^\wifi) i.i.d. with p(*+^)(xi), Wi^o G 5i,o 

3) Phase m + 2: Generate random (n • Am+2,n)-length sequences 

. u5"'+^^(u;r.) with p('"+2)(ui), it;^. G {0, 1, • • • , [2"-^" J - 1} := S^, where 

I 0, otherwise. 

and R,^ = max{i?o,^:i, ^.,0;i} + (A^+2/(C/i^™+'^; ^/"+'^) - 4e - i^o,^:l)■ 
and define bin := {w,^\w,^ G [j • L2"(^-+=^(^*'"^";^.""^")--f^''-i-4^)j , 
(j + 1) • L2"(^"+^^(^*'"^";'^'""^")-^'''-i-''^)j - 1]} for j G {0, 1, • • • , [2">^^^{«''-i'^-''^i}j - 1}. 
Encoding: For all i G 

1) During phase 1, to transmit {wq^i, • • • , wo,m), node picks {wo,i:2, ■■■ , ifo,m:2) G B^^^ such 
that v^^^(u;{o},S:2) G A^'^\Vos), V5 G ^ , IS] > 1. Such a (t(;o,i:2, • • • ,wo,m:2) exists with high 
probability if 

E (i?0, - Ro,.i) < E Ai/(4^);y/^)) - Ai/(yW; p - |5|6 - 5(e) (211) 

i£S ies 

for S C ,B , |5| > 1 from Lemma |2T] Then node finds a Xq^^ jointly typical with 

{vq^ (?yo,i:2), • • • , ^ol{wo,m:2)) and designate it as the codeword corresponding to (u;o,i, • • • , wo,m)- 

Node sends Xp^'*(u;o,i; • • • ; w'o.m) during phase 1. 

2) During phase i + 1 encoder of terminal node i sends the codeword x\^^^\wifi). 

3) Relay r estimates wo,i and o after phase m + 1 using jointly typical decoding, then constructs 
Wi = w^o,i:i ffi Wifi;i. To transmit a pair of messages {wi, ■ ■ ■ ,Wm), pick a pair (w^, • • • -.Wr^) G 
0™i such that u^^^^\w,,) G V5 G B, \S\ > 1. Such a K,, • • • ,WrJ exists 
with high probability if 

Ro,r.i < ^m+2l{ut^'^,Yt^'^) - A^.^2l{ui'^^'^;Ul^^'^) -\S\e- 6{e) (212) 
ies ies 
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for S <Z B, \S\ > 1. from Lemma 1211 Then the relay finds a Xr"^^^^ jointly typical with 
{u^^^'^\wr^), ■ ■ ■ , u.m^~^'^\wr^)) and designate it as the codeword Corresponding to {wi,--- ,Wm)- 
Relay r sends x^"^^^-* {wi, • • • , Wm) during phase m + 2. 
Decoding: For all i G [1,?7t,], 

1) Node estimates ?ij,o:i after phase m + 2 using jointly typical decoding. Since Wi = wo^i-i © Wj,0:i 
and knows wo^i, node can reduce the number of possible Wi. Then node decodes Wifi if there 
exists a unique Wifi G 5i,o(i^i,0:i) such that (xj*^"^^ (iDj^o), '^^^) S A^^^^\XiYo). 

2) Node i estimates after phase m + 2 using jointly typical decoding. Similar to the case of 
node 0, node i can reduce the cardinality of Wr^ to 2"(^'"+^^(^»* ^nd node i decodes 
^^"0,1:1 from the bin index of w^^. Then, node i estimates wo,i:2 using jointly typical decoding of the 
sequence (vq|^ (tt;o,i:2)i yj^^)- Since node i knows the bin index Sw„^{wo^i) as ?io,j:i> it can reduce 
the cardinality of wo,i:2 to 2"^^^^'^^''*' After decoding ?r/o,i:2, node i finally decodes WQ^i 
from the bin index of wo,i:2- 

Error analysis: 

P[E] = P[Eenc U Edec] < P[Eenc] + P[Edec] (213) 
m 

<e + Y, P[E{oU^}] + P[E{^uo}] (214) 

i=l 

where E is the entire error event, Eenc is the set of encoding error events, and E^ec is the set of decoding 
error events. P[Eenc\ is upper bounded by sufficiently small number e from (121 II ) and (12121 ). Edec can 
be separated by individual decoding error events in each link. Then \/i G [l,r7i], 

P[E{0U.}] < ^'[i^Si^.i U E^^^l U (215) 
< + PiEt{:Sl + ^[<M-}l^|;i« n ^SJS] (216) 

PiEi.uo}] < U <S1 U (217) 

Also, for the convenience of analysis we define i?]j(tuo,i:i) = i^So ^(wo , i)Pwo , ^""^^ C'ij(w'i,0:i) = 

<P[D^'H^OBiW{o},B),yr)] + ^[U»S(o>,s^^'nV05(^'{0},5:2),Vo5(^I'{O},5:2),yr)] (219) 

SCB 

<e+Y^ 2"(^(°>-^-^i'"(^(^os';>'r<''^c,s)+^')) (220) 
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The total cardinality of the case (ti{o},5:2 7^ ^{o},5:2) is bounded by 2"^t''>'^ since ti{o},5:2 is uniquely 
specified with ?y{o},s if ^{o},5:2 is given. 

<e + \CUw^,o■.l)\ ■ 2-"(^'"+^."^(f^^"^^^."""^')-3^) (222) 

^[U^*„,..eB],K,.,)^^'Hvo.(^I;o,*:2),yi)] (223) 
<e + \BUwom)\ ■ 2-"(^^-^(^- (224) 

<P[D^'^'\Mm,o),yr)] + P[u^„„^^„„i?(*+^)(x,(«),,o),yr)] (225) 

<g ^ 2"(^-''-^-+i."(^(^'*'^"'^'"^")+3^)) (226) 



r(™ + 2).v(™+2) rr(>"+2)N 



<e + ^ 2"-^^'{°>^i2-"-^"+^'"(^(^^" •'^^ '^s ')-^') (228) 
SCB 

The total cardinality of the case {wrs 7^ Wr^) is bounded by 2"^'' {''>-^ since is uniquely specified 
with ws,{o}:i if ^^s,{o}:i is given. 

,yo) n (iDi^o e 5i,o(';^i,o:i))] (229) 

<e + 2"(^-''-^-+i'"(^(^-'^";'^°*'^")-^-''^i+3')) (230) 

Since e > is arbitrary, with the conditions of Theorem [TOl proper choices of {i?o,i:i} and {Rifi.i} 
and the AEP property, we can make the right hand sides of (12201 ). (12221 ). (12241 ). (12261 ). (12281 ) and (12301 ) 
tend to as n ^ oo. ■ 

Appendix F 

Apply extended Marton's bound to the Gaussian channel 
For convenience of analysis, we define a function as follow: 

m 

/(a, b, c) := ^ aibid (231) 
1=1 
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where a, b,c are vectors length m. Similar to Costa's setup in Q, we will apply the broadcast scheme 
in the previous section to the Gaussian channel. We use the following relationship between input signals 
and auxiliary vairiables of transmitter a: 

U3 = AaVa (232) 



m 



X, = ^V,i (233) 



i=l 

where Ug and Vg are vectors length m and Ag G M*"^™. Also y^'-s follow the distributions V^i ~ 
CM{0,f3^iP), where (0 < /3ai < 1), EI^i /^ai = 1 and Vj-s are independent. We define Aai as the i*'' 
row vector of Ag, i.e., Aai = (Aaa, Aai2, • • • , Kim) and (3^ = (/3ai, • • • , /3am)- 

Now we define some useful functions to evaluate mutual information terms in the Gaussian broadcast 
channel. We consider two scenarios; the single transmitter case and the double transmitter case. The 
latter one is only for the multiple access period of the PMABC protocols. We assume that there are 
two senders a, b and two receivers c and d. Node a has m independent messages and corresponding m 
auxiliary random variables U^^s. Similarly, Node b constructs U^^^s. 

1) Single transmitter (when node a is only broadcasting) 

|/la,cP^a/='(Aai,IJa) 



I(U-Y) = C 

y cj > |/i3,,|2p,(/(Aai,AaiJa)-/2(Aai,l,^a)) + /(Aa^,Aai,/3a 

:=CB(Pa,/ia,c,AaiJa) (234) 

I(U -U ) = C ( fH^aii^ajj^a) 
^ V/(Aa^,Aai,/3a)/(Aa„Aa„;Sa)-/2(Aai,Aa„/5a). 

'■= CsEi^i, Kj, Pa) (235) 

I{U -U ■ U k) = C ( _ -^BE2(Aai, Aaj, Aafc,^a) _ _ \ 

^ V-fS^BSlCAai, Aaj, Aafc, ;5a) — -RrsE2(Aai, Aaj, AaA;, /3a)/ 

:= C'B£;2(Aai, Aaj, Aafc, /3a) (236) 

I{U,i;Y,,U,j) = 

^( |/^a,cPi^C2(Aa»,AajJa)Pa+i^C4(Aa^,Aa,-,/3a) 

V|/ia,c|2(/^Cl(Aai,Aaj Ja) -i^C2(Aai,AajJa))^a + (i^C3 (Aa^ , Aaj Ja ) " i^C4 (Aai, Aa, Ja )) 

:=Cc7(Pa,/la,c,Aa„Aaj,/3a) (237) 

I{Uai;Y,,%) = 

/^(Aai, i, ^a)i^i?C2(^a, ^a,c, K^^,P^^,a^) 

\/(Aaj, Aai,^a)^BCl(-Pa,/la,c,^a,d,-Pd'^d) " (Aai, 1, ^a )i^BC2 (^'a , ^a,c, ^a,d , ' ^d) 

:= C'bc (-Pa, /la, c,/ia,d,Aai,^a,^'d,Crd) (238) 
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where = E[Y^% = E[YdYd] and 

KBEli^ai, Aaj, Aafc, /3a) =/(Aaj, Xai, (3a) f {^aj , Kj , Pa) f {Kk, Kk, Pa)- 

f{Xai,~Xa^Ja)fH~XaJXkJa) (239) 
KBE2{Xai, Aaj, Aafc, /3a) =f{Xaj, Aaj , ^a )/^ (Aai , Aafc, ^a) + /(Aafc, Agfc , /3a )/^ (Agj , Aaj, /3a) — 

2/(Aa^, Aaj, /3a)/(Aaj, Aafc, ^a)/(Aai, Aafc, ^a) (240) 

KciiXai, ~XajJa) =/(Aai, Aa. Ja)/(Aaj, X,jJ,) - /(Aa„ Aai, Pa)fCXaj, l Pa) (241) 
i^C2(Aai,Aaj,/3a) =/' (Aa. , Aaj , /3a ) + /(Aaj , Aaj Ja )/' (Aai, 1 Ja ) " 

2/(Aa^,Aaj,/3a)/(Aa„l,/3a)/(Aaj,l,/3a) (242) 

i^C3(Aai,Aa,,/3a) =/(Aai, Aa^ Ja )/(Aa„ Aa, , ;3a ) (243) 

ifc4(Aai,Aa,,/3a) =/' ( Aa^ , Aaj , /3a ) (244) 



l2r> I D ^2 l"a,d 



|2d \ IJ, .12; 



2) Double transmitter (when both a and b are broadcasting) 

I(X ■¥ U ) = c( _l^a,cP-Pa/(Abi, Abi,^b) 

^ " " ''^ VlVP^'b(/(Abi,Abi,/3b)-/2(Ab^,l,/3b)) + /(Ab„Ab,Jb) 

:= CAf(Pa,n,/la,c,/jb,c,Abi,/3b) (247) 

.^.r .yl = rf fCXa..,lJa)\ha,c\''Pa \ 

^ V/(Aa.,Aa.Ja)(IVPPa + |/ib,cPPb + l)-/2(Aa.,lJa)IVP^a; 

:= CB/(Pa, Pb, /la,c, /ib,c, Aai, ^a) (248) 



/(^7a./;i;|f/bj) = 

^ , \ha,c\'^PaKBMl{X^i, Xbj,Pa,Pb) 



.\ha,c\'^PaKBM2iXai,Xbj,Pa,Pb) + | /lb,c P-Pb AfiA/S (Aaj, Abj , /3a , /3b) + (Aai , Abj , /3a , /3b] 

:= Ci3A/(^a,n,/ia,c,/ib,c,Aai,Abj,,3a Jb) (249) 

IiU.^■,Y^,U.,\U,,) = C ( ^^^^.^(-Pa' -Pb, /^a.c, V, Aa., Aa„ Ab, Ja Jb) \ 

\ Kci,D {Pa,Pb,ha,c, hb,c , Aa j , Aaj , Abfc , /3a , /3b ) / 

:= C'C/ (-Pa , -Pb , ^a ,c , ^b,c , Aai , Aa j , Abfc , /3a , /3b ) (250) 
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where 

KBMl(X.iXj,~P.,h) = /(Ab,,Ab,,/3b)/'(Aa^,iJa) (251) 

KBM2{K^Xj,P.,Pb) = /(Ab„Abj Jb)(/(Aa^,A3„/3a) -/'(Aa^,lJa)) (252) 

KsMsi^ai, Abj,^a,^b) = /(Aai, ^ai, Pa){f {Xbj , ^bj , M ~ f^Xj, Ij/^b)) (253) 

i<^BM4(Aai, Abj,^a,/3b) = /(Aai , Agj , ^^a )/(Abj , Abj , /3b) (254) 
Kci,N{P3,Pb, /la,c, ^b,c, Agj, Aaj, Abfc, /3a, /3b) = |/la,c P-Pa-fi^C/l (Aai , Aaj, Abfc, ^a, /3b) + 

|^b,cP-Pb-f^C/2(Aai, Aaj, Abfc, Pa, (3b) + -K'c/sCAai , Aaj , Abfc , /3a , /3b) (255) 
Kci,D{Pa,Pb, ha,c, ^b,c, Aai, Aaj, Abfc, ^a, /3b) = |/la,c|^-Pa-K'c/4(Aai, Aaj, Abfc, ^a,/3b) + 

I hb,c P-Pb-K'c/S ( Aai , Aaj , Abfc , ,5a , ^b) + -K'c/6 ( Aai , Aaj , Abfc , /3a , /3b ) (256) 
-K'c/l(Aai, Aaj, Abfc, ^a, /3b) = f[\k-, Abfc, ,5b)/^(Aai, 1, /3a)/(Aaj, Aaj, ^a) + 

/(Abfc, Abfc, A)/'(Aa^, Aaj, ^a) " 2/(Abfc, Abfc, A)/(Aai, Aa, , ^a)/(Aai, 1, ^a)/(Aa„ 1, ^a) (257) 

KcnQ^ai, Aaj, Abfc, /3a, /3b) = /^(Aai, Aaj, ^a)(/(Abfc, Abfc, /3b) - /^(Abfc, i, /3b)) (258) 

-K"c7/3(Aai, Aaj, Abfc,/3a,/3b) = /^(Aai, Aaj , /3a)/(Abfc, Abfc, /3b) (259) 
Kcii{Ki, Aaj, Abfc, /3a, /3b) = /(Aai, Aai, Pa)f{\k, Abfc , ,^b) (/(Aaj , Aaj, ^a) " f'^Xj, 1, /3a))- 

^Cn(Aai,Aa,,Abfc,/3a,^b) (260) 
-^C/5(Aai, Aaj, Abfc, /3a, ^b) = /(Aai, Aai , /3a )/( Aaj , Aaj , /3a) (/(Abfc , Abfc, /3b) — /^(Abfc, 1, /3b)) — 

-K'c/2(Aai,Aaj, Abfc,^a,^b) (261) 
-K'c/6(Aai, Aaj, Abfc, /3a, /3b) = /(Aai, Aai , /3a )/( Aaj , ^aj,Pa)f{\k, Abfc, /3b) — 

-f^C/3(Aai, Aaj, Abfc,/3a,/3b) (262) 

For example, if we take 



-, /3rl|fe,,lPPr 
/3,l|/l.lPPr + l 

1 



(263) 



and assume the degraded channel Xr — )• Yi — > Y2 in the second phase of the FMABC-N protocol, then 
we can achieve the following rate regions in the second phase: 

Ro,i < A2/(C/f 'iFi^'^) - A2/(C/f ^ f/f ) = A2C(/3,i|^,i|2p,) (264) 
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This is the well-known capacity region for the degraded channel — )■ li — > 12- However, this may not 
be optimum due to the opposite data rates i?i_o and R2,o- Thus, generally it is necessary to optimize Ar 
and /3r to maximize the entire achievable region. 
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